Appendix A

Big-Oh and Little-Oh

The notation Big-Oh and Little-Oh is used to compare the relative values of two functions,
f(x) and g(x), as x approaches oo, or 0, depending on which of these two cases is being
considered. We will suppose that ¢ is positive-valued and that x > 0.

A.1 Big-Oh

The case x — o0

f ()]
g(z)

f is O(g) if there exist constants A > 0 and z > 0 such that < Aforall z > z.

The case x — 0

[F@)]

f is O(g) if there exist constants A > 0 and xy > 0 such that @)
g(z

< Aforall z < x.

Example A1l
The function f(z) = 3z% + 42% is O(z?) as z — oo. (Here g(x) = x3.) We have that
|f(z)] 323+ 4x? 4

= - = 3 —_.
g(x) 3 T2

There exist (infinitely) many pairs A,zo > 0 that show that f is O(z?), for example,

%<4.1 for all z > 40.

Example A2

The function f(z) = 3z% + 42% is O(z?) as x — 0. Here
|f(z)]  32® + 4a?
gle) a2

=3z +14,

and, for example, % <43 forall z <0.1.
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A.2 Little-Oh

The case x — 00 : fiso(g) if lim |f ()] _
IC))
The case x — 0 : fiso(g) if lim |f(£C|:O
z—0 g(x)
Example A3

The function f(z) = 323 + 42? is o(z*) as * — oo because

33 + 422 3 4

i @ 34 (2 .
r—00 g(aj) T—00 3;'4 T—00 $2 €T

Example A4

The function f(z) = 32% + 42% is o(x) as * — 0 because

327 + da?
lim % = lim SrTEAT lim (327 + dz) = 0.
r— g €x r— €x T—

Example A5
The function f(z) = 3z% + 4z is o(1) as z — 0 because

2
iy F@] 327 4z

= lim(32% + 42) = 0.
z—0 g(,r) x—0 J:ILI(l)( "+ .T})



Appendix B

Taylor expansions

This appendix gives a brief justification of the expansions used in Section 1.3.2. Details
can be found in standard calculus texts, for example, Courant R. and John F. (1965)
Introduction to Calculus and Analysis, Wiley, New York.

Suppose that the function f has n + 1 continuous derivatives in the interval [a,a + h|, if
h >0, or [a+ h,al, if h < 0. The n-term Taylor approximation for f(a + h) is given by

Ul

oy f™(a) + R, (a, h), (B.1)

h h?
flath) = fla)+ @) + 5P (@) + - +
where f((a) denotes the r-th derivative of f at the point @, and R,(a,h), called the

remainder, is the error in approximating f(a+ h) by the n-degree polynomial (in &) on the
right-hand side.

The remainder can be represented in different forms. The following result is based on a
version of the Lagrange form': If there exists a positive constant M, such that | £V (¢)] <
M for all t € [a,a + h] (or alternatively ¢ € [a + h, a], in the case h < 0) then

|h|n+1
Ry(a,h)] <
e ]

Thus, regarded as a function of n, for fixed a and h, the term |R,,(a, h)| becomes small as n
increases. Alternatively, regarded as a function of h, for fixed a and n, |R,(a, h)| becomes
small as h — 0. In the notation explained in Appendix A, R,(a,h) is o(h™) as h — 0.

Example B1

This example relates to the material in Section 1.3.2. Specifically, we wish to investigate
the behaviour of a two-term Taylor approximation to f(x — zh) as h becomes small, for
fixed values x and z. We assume that f is three times differentiable, and that, in some

L After the Italian-French mathematician Joseph-Louis Lagrange (1736-1813).
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closed interval containing x, the absolute value of it’s third derivative is bounded by some
positive constant M. Applying the expansion (B.1) yields

“h “h2)?
flo =) = £a) + T ey + D iy 1y,
where |Ry(z, —zh)| < |23L,|3 M. Thus as, h becomes small, we have that
h?2*

fl@ = hz) = f(z) = hzf'(z) + ——f"(2) + o(h?)

2
Similarly it follows that

flx = hz) = f(z) = hzf'(z) + o(h)

and that
f(z —hz) = f(z) +o(1)



Appendix C

The Method of Weighted Least
Squares

The purpose of this appendix is to derive a general formula for the estimator of the para-
meters of the linear model using the method of weighted least squares. We begin with a
very simple case based on the method of ordinary least squares.

Ordinary least squares: A simple case

Considering the model

yz:9+ez izl,...,n,

where E(e;) = 0 and Var(e;) = 0. The least squares estimator of the parameter 6 is the
value which mimimizes the sum of squares of the residuals. A formula for the estimator
can be derived by setting the derivative of the sum of residual squares equal to zero.

RSS(6) = Ze?=Z<yi—e>2

dRSS(6)

- 5!
- = —2) yi+2n0 =0

=1

. 1
Hzﬁ;yi

Weighted least squares: The simple case

The extension to weighted least squares is performed by defining weights wy, ws, ..., w,
(given constants) and minimizing over the residual weighted sum of squares, RWSS, instead

bt



6 APPENDIX C. THE METHOD OF WEIGHTED LEAST SQUARES

of the residual sum of squares, RSS:
RWSS(0) = Z wie? = Z w;(y; — 0)?
i=1 i=1

dRWSS(6) - L
— = —2) wi(y; —0) =0

Ordinary least squares: The general case

A more convenient way of estimating the parameters in linear regression (especially when
dealing with more parameters) is using a matrix notation.

Consider the model
yi =01 + O + ¢ 1=1,....n

This can be written in matrix form as follows:

y=X0+e
(0 Iz el
1 =« e
with  y = y,2 X =1 . ,2 ,«92(21),6: .2
: Do 2
Un 1 =z, €n

The residual sum of squares can be minimized by setting the derivative with respect to 6
equal to zero.

RSS(8) = ee=(y— X0)(y — X0)
= Yy—yX0-0Xy+0X'X0=yy—20Xy+ 60X X0

ORSS(O) oy v ox'xd Lo
0
X'y = X'X0

The ordinary least squares estimator of 6 is thus given by

0 = (X'X) Xy (C.1)



Note that the above derivation is also applicable to the case in which there are p > 1
covariates. Consider the model

yi:61+02x1i+93x2i---0p+1xpi+ei izl,...,n

This model can also be written in matrix form y = X6 + e, where:

n I xy1 w1 ... Tp 01 €1

Y2 1 T2 T22 ... Tp2 92 €9
y = . s X = . . N 9 = . s e =

Yn 1 21 ZTan ... Tpn Opt1 en

Weighted least squares: The general case

The extension to weighted sums of squares is performed by defining a diagonal matrix W,

whose diagonal elements comprise the weights w;, i = 1,2,...,n:
w1 0
w2
W =
0 W,

The residual weighted sum of squares (RWSS) is given by > "  w;e? = ¢/We. This is
minimized by setting the derivative of RWSS with respect to 6 equal to zero.

RWSS(0) = (y— X0)W(y — X0)
= YWy —oyWX0-0XWy+0XWX0=yWy—20X"Wy+0X'WX0
HRWSS(6)
00
X'Wy = X'WX6

= 2X'Wy+2X'WX0 =0

0 = (X'WX) 'X'Wy (C.2)

The special case in which w; = 1,47 = 1,2,...,n reduces to the ordinary least squares
estimator (C.1).



