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1 Introduction

It has long been known that the two-stage least squares (2SLS) estimator is biased with many

instruments (see e.g. Sawa (1969), Phillips (1983), and the references cited therein). Due in large

part to this problem, various approaches have been proposed in the literature for reducing the bias

of the 2SLS estimator. In recent years there has been interest in developing procedures based on

using “delete-one” fitted values in lieu of the usual first-stage OLS fitted values, as the instruments

employed in second stage estimation. A number of different versions of these estimators, referred to

as jackknife instrumental variables (JIV ) estimators, have been proposed and analyzed by Phillips

and Hale (1977), Angrist, Imbens, and Krueger (1999), Blomquist and Dahlberg (1999), Ackerberg

and Deveraux (2003), Davidson and MacKinnon (2006), and Hausman, Newey, Woutersen, Chao,

and Swanson (2007).

The JIV estimators are consistent with many instruments and heteroskedasticity of unknown

form while other estimators, including the limited information maximum likelihood (LIML) and

bias corrected 2SLS (B2SLS) estimators are not; see Bekker and van der Ploeg (2005), Ackerberg

and Deveraux (2003), Chao and Swanson (2003), and Hasuman et. al. (2007). The main objective

of this paper is to develop asymptotic theory for the JIV estimators in a setting that includes

the many instrument sequence of Kunitomo (1980) and Bekker (1994) and the many instrument

sequence of Chao and Swanson (2005). To be precise we show that JIV estimators are consistent

and asymptotically normal when
√
Kn
rn
→ 0, as n→∞, where Kn and rn denote, respectively, the

number of instruments and the rate of growth of the so-called concentration parameter. In contrast,

consistency of LIML and B2SLS generally requires Kn
rn
→ 0, as n → ∞, meaning the number of

instruments is small relative to identification strength. We show that both the rate of convergence

of the JIV estimator and the form of its asymptotic covariance matrix depends on how weak the

available instruments are, as measured by the relative order of magnitude of rn vis-à-vis Kn. We

also show consistency of standard errors under heteroskedasticity and many instruments.

In the process of showing asymptotic normality of JIV this paper gives a central limit for

quadratic forms with an idempotent matrix. This theorem that can be used to study estimators

other than JIV. For example, it has already been used in Hausman et. al. (2007) to derive the

asymptotic properties of jackknife versions of LIML and of the Fuller (1977) estimator that are

robust to heteroskedasticity and are as efficient as LIML under homoskedasticity.
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This paper is a revised version of Chao and Swanson (2004), where a central limit theorem was

first proved and consistent standard errors given. This version adds to Chao and Swanson (2004)

by allowing for the many instrument sequence of Kunitomo (1980), Morimune (1983) and Bekker

(1994) and giving a refined version of the central limit theorem.

The rest of the paper is organized as follows. Section 2 sets up the model and describes the

estimators and standard errors. Section 3 lays out the framework for the asymptotic theory and

presents the main results of our paper. Section 4 comments on the implications of these results.

and concludes. All proofs are gathered in an appendix.

2 The Model and Estimators

The model we consider is given by

y
n×1

= X
n×G

δ0
G×1

+ ε
n×1,

X = Υ+ U,

where n is the number of observations, G the number of right-hand side variables, Υ is a matrix

of observations on the reduced form, and U is the matrix of disturbance observations. For the

asymptotic approximations, the elements of Υ will be implicitly allowed to depend on n, although

we suppress dependence of Υ on n for notational convenience. Estimation of δ0 will be based on

a n×K matrix Z of instrumental variable observations with rank(Z) = K. We will assume that

E[ε] = 0 and E[U ] = 0 conditional on (Υ, Z).

This model allows for Υ to be a linear combination of Z, i.e. Υ = Zπ for some K ×G matrix

π. Furthermore, some columns of X may be exogenous, with the corresponding column of U

being zero. The model also allows for Z to approximate the reduced form. For example, let

X 0
i, Υ

0
i, and Z 0i denote the ith row (observation) for X, Υ, and Z respectively. We could have

Υi = f0(wi) be an vector of unknown functions of a vector wi of underlying instruments and

Zi = (p1K(wi), ..., pKK(wi))
0 for approximating functions pkK(w), such as power series or splines.

In this case linear combinations of Zi may approximate the unknown reduced form, e.g. as in

Donald and Newey (2001).

To describe the estimators, let P = Z(Z 0Z)−1Z 0. Let Π̄−i = (Z 0Z − ZiZ
0
i)
−1(Z 0X − ZiX

0
i) be

the reduced form coefficients obtained by regressing X on Z using all observations except the ith.
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The JIV estimator of Phillips and Hale (1977) is obtained as

δ̃ = (
nX
i=1

Π̄0−iZiX
0
i)
−1

nX
i=1

Π̄0−iZiyi.

Using standard results on recursive residuals it follows that

Π̄0−iZi =
³
X 0Z(Z 0Z)−1Zi − PiiXi

´
/(1− Pii) =

X
j 6=i

PijXj/(1− Pii).

Then we have

δ̃ = H̃−1X
i6=j

XiPij(1− Pjj)
−1yj , H̃ =

X
i6=j

XiPij(1− Pjj)
−1X 0

j .

The JIV estimator proposed by Angrist and Imbens (1999), their JIVE2, has a similar form except

that Π−i = (Z 0Z)−1(Z 0X − ZiX
0
i) is used in place Π̄−i. It is given by

δ̂ = Ĥ−1X
i6=j

XiPijyj , Ĥ =
X
i6=j

XiPijX
0
j .

As we will show, these estimators are consistent and asymptotically normal under heteroskedas-

ticity when
√
K/rn −→ 0, where rn is proportional to the concentration parameter. In contrast,

consistency of LIML and Fuller (1977) requires K/rn −→ 0 when Pii is asymptotically correlated

with E[Xiεi]/E[ε
2
i ], as discussed in Chao and Swanson (2004) and Hausman et. al. (2007), as

does consistency of the bias corrected 2SLS estimator of Donald and Newey (2001), when Pii is

asymptotically correlated with E[Xiεi], as discussed in Ackerberg and Deveraux (2003). Thus, JIV

estimators are robust to heteroskedasticity and many instruments (K growing as fast as rn) while

LIML, Fuller (1977), or bias corrected 2SLS estimators are not. The JIV estimators also have a

closed form and are thus computationally simple relative to the jackknife versions of LIML and

Fuller (1977) given in Hausman et. al. (2007), though they are not as efficient under homoskedas-

ticity and many weak instruments.

The form of variance estimator can be motivated by noting that, for ξi = (1− Pii)
−1εi, substi-

tuting yi = X 0
iδ0 + εi in the equation for δ̃ gives

δ̃ = δ0 + H̃−1X
i6=j

XiPijξj . (1)

After appropriate normalization the matrix H̃−1 will converge and a central limit theorem will

apply to
P

i6=j XiPijξj . This will lead to a sandwich form for the asymptotic variance. Here H̃−1

can be used to estimate the outside terms in the sandwich. The inside term, which is the variance
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of
P

i6=j XiPijξj , can be estimated by dropping terms that are zero from the variance, removing the

expectation, and replacing ξi by an estimate ξ̃i = (1− Pii)
−1 ³yi −X 0

i δ̃
´
. Using the independence

of the observations, E[εi] = 0, and the exclusion of the i = j terms in the double sums, it follows

that

E[
X
i6=j

XiPijξj(
X
i6=j

XiPijξj)
0] = E[

X
i,j

X
k/∈{i,j}

PikPjkXiX
0
jξ
2
k +

X
i6=j

P 2ijXiξiX
0
jξj ].

By removing the expectation and replacing ξi by ξ̃i we obtain

Σ̃ =
X
i,j

X
k/∈{i,j}

PikPjkXiX
0
j ξ̃
2
k +

X
i6=j

P 2ijXiξ̃iX
0
j ξ̃j .

The estimator of the asymptotic variance of δ̃ is then given by

Ṽ = H̃−1Σ̃H̃−10.

This estimator is robust to heteroskedasticity in allowing V ar(ξi) to vary over i and E[Xiεi] to

vary over i.

An asymptotic variance estimator for δ̂ can be formed in an analogous way. Let ε̂i = yi −X 0
i δ̂

and

Σ̂ =
X
i,j

X
k/∈{i,j}

PikPjkXiX
0
j ε̂
2
k +

X
i6=j

PijXiε̂iX
0
j ε̂j .

The variance estimator for δ̂ is given by

V̂ = Ĥ−1Σ̂Ĥ−1.

Here Ĥ is symmetric because P is symmetric, so that a transpose is not needed for the third matrix

in V̂ .

3 Many Instrument Asymptotics

The asymptotic theory we give combines the many instrument asymptotics of Kunitomo (1980),

Mormune (1983), and Bekker (1994) with the many weak instrument asymptotics of Chao and

Swanson (2005). All our regularity conditions are conditional on (Υ, Z). To state the regularity

conditions let Z 0i, εi, U 0i , and Υ0i denote the ith row of Z, ε, U, and Υ respectively.
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Assumption 1: K = Kn −→∞, Z includes among its columns a vector of ones, and there is

a positive constant C < 1 such that for all n large enough with probability one rank(Z) = K and

Pii ≤ C, (i = 1, ..., n).

The restriction that rank(Z) = K is a normalization that requires excluding redundant columns

from Z. It can be verified in particular cases. For instance, when wi is a continuously distributed

scalar, Zi = pK(wi), and pkK(w) = wk−1 it can be shown that Z 0Z is nonsingular with probability

one forK < n.1 The condition Pii ≤ C < 1 implies thatK/n ≤ C, becauseK/n =
Pn

i=1 Pii/n ≤ C.

Let λmin(A) denote the smallest eigenvalue of a symmetric matrix A.

Assumption 2: There is a G × G matrix Sn = S̃n diag (μ1n, ..., μGn) and zi such that Υi =

Snzi/
√
n, S̃n is bounded and the smallest eigenvalue of S̃nS̃

0
n is bounded away from zero, for each

j either μjn =
√
n or μjn/

√
n −→ 0, μn = min

1≤j≤G
μjn −→ ∞, and

√
K/μ2n −→ 0. Also, there is

C > 0 such that with probability one kPn
i=1 ziz

0
i/nk ≤ C and λmin (

Pn
i=1 ziz

0
i/n) ≥ C.

Here rn = μ2n can be interpeted as being proportional to the concentration parameter. For

instance, note that in the G = 1 case we have
Pn

i=1Υ
2
i = μ2n

Pn
i=1 z

2
i /n, so by

Pn
i=1 z

2
i /n bounded

and bounded away from zero,
Pn

i=1Υ
2
i will be proportional to μ

2
n. For rn = n we have asymptotic

theory like Kunitomo (1980), Morimune (1984), and Bekker (1994), where the number of instru-

ments K can grow as fast as the sample size. Allowing for K to grow and for rn to grow slower

than n models having many instruments without strong identification, as in Chao and Swanson

(2005). The general form of Assumption 2 allows for some components of the reduced form to give

only weak identification (corresponding to μjn/
√
n −→ 0) and other components (corresponding

to μjn =
√
n) to give strong identification. In particular, this condition allows for fixed constant

coefficients in the reduced form.

It is sensible to have conditions on the rate of growth of the concentration parameter since

the concentration parameter is a natural measure of instrument strength, as has been pointed out

by numerous authors, including Phillips (1983), Rothenberg (1983), and Stock and Yogo (2005a).

Assumption 2 stipulates that rn must grow no faster than n but allows for rn to grow much more

slowly than n, as seems appropriate for modeling weak instruments.

1The observations w1, ..., wT are distinct with probability one and therefore, by K < n, cannot all be roots of a

Kth degree polynomial. It follows that for any nonzero a there must be some t with a0Zt = a0pK(wi) 6= 0, implying
a0Z0Za > 0.
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A fundamental rate condition is
√
K/rn −→ 0. This condition, formulated in Chao and Swanson

(2005), ensures that random part of H̃ does not dominate the nonrandom part

is, it ensures that noise does not dominate signal for JIV estimators.

Assumption 3: There is constant C such that conditional on (Υ, Z) the observations (ε1, U1), ..., (εn, Un)

are independent with E[εi] = 0, E[Ui] = 0, E[ε
2
i ] < C, E[kUik2] ≤ C.

This hypothesis requires second conditional moments of disturbances to be bounded and uniform

nonsingularity of the variance of reduced form disturbances.

Assumption 4: There is πKn such that with probability one
Pn

i=1 kzi − πKnZik2 /n −→ 0.

This condition allows an unknown reduced form that is approximated by a linear combination

of the instrumental variables.

We can easily interpret all these conditions in an important example of a linear model with

exogenous covariates and a possibly unknown reduced form. This example is given by

Xi =

Ã
π11Z1i + μnf0(wi)/

√
n

Z1i

!
+

Ã
vi
0

!
, Zi =

Ã
Z1i

pK(wi)

!
,

where Z1i is a G2× 1 vector of included exogenous variables, f0(w) is a G−G2 dimensional vector

function of a fixed dimensional vector of exogenous variablesw and pK(w)
def
= (p1K(w), ..., pK−G2,K(w))0.

The variables in Xi other than Z1i are endogenous with reduced form π11Z1i + μnf0(wi)/
√
n. The

function f0(w) may be a linear combination of a subvector of p
K(w), in which case zi = πKnZi

for some πKn in Assumption 4 or it may be an unknown function that can be approximated by a

linear combination of pK(w). For μn =
√
n this example is like the model in Donald and Newey

(2001) where Zi includes approximating functions for the optimal (asymptotic variance minimiz-

ing) instruments Υi, but the number of instruments can grow as fast as the sample size. When

μ2n/n −→ 0, it is a modified version where the model is more weakly identified.

To see precise conditions under which the assumptions are satisfied, let

zi =

Ã
f0(wi)
Z1i

!
, Sn = S̃ndiag

¡
μn, ..., μn,

√
n, ...,

√
n
¢
, S̃n =

Ã
I π11
0 I

!
.

By construction we have Υi = Snzi/
√
n. Assumption 2 imposes the requirements that

nX
i=1

ziz
0
i/n is bounded and uniformly nonsingular.
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The other requirements of Assumption 2 are satisfied by construction. Assumption 3 requires

conditional mean zero and bounded second moment for disturbances. For Assumption 4, let πKn =

[π̃0Kn, [IG2 , 0]
0]0. Then Assumption 4 will be satisfied if there exists π̃Kn such that with probability

one
nX
i=1

kzi − πKnZik2/n =
nX
i=1

kf0(wi)− π̃0KnZik2/n −→ 0.

Theorem 1: If Assumptions 1-4 are satisfied then μ−1n S0n(δ̃ − δ0)
p−→ 0, δ̂

p−→ δ0, μ
−1
n S0n(δ̂ −

δ0)
p−→ 0, and δ̂

p−→ δ0.

The following additional condition is useful for asymptotic normality and consistency of the

asymptotic variance.

Assumption 5: There is C > 0 such that with probability one,
Pn

i=1 kzik4 /n2 −→ 0, E[ε4i ] <

C, E[kUik4] ≤ C.

To give asymptotic normality results we need to describe the asymptotic variances. We will give

results that do not depend on convergence of various moment matrices, so we give the asymptotic

variances as a function of n (rather than as a limit). Let

H̄n =
nX
i=1

ziz
0
i/n, Ω̄n =

nX
i=1

ziz
0
iσ
2
i /n,

Ψ̄n = S−1n
X
i6=j

P 2ij

³
E[UiU

0
i ]σ

2
j (1− Pjj)

−2 +E[Uiεi](1− Pii)
−1E[εjU 0j ](1− Pjj)

−1´S−10n ,

Hn =
nX
i=1

(1− Pii)ziz
0
i/n,Ωn =

nX
i=1

(1− Pii)
2ziz

0
iσ
2
i /n,

Ψn = S−1n
X
i6=j

P 2ij

³
E[UiU

0
i ]σ

2
j +E[Uiεi]E[εjU

0
j ]
´
S−10n .

When K/rn is bounded the asymptotic variance of S
0
n(δ̃ − δ0) will be

V̄n = H̄−1
n (Ω̄n + Ψ̄n)H̄

−1
n ,

and the asymptotic variance of S0n(δ̂ − δ0) will be

Vn = H−1
n (Ωn +Ψn)H

−1
n .

To state the asymptotic normality results, let A1/2 denote a square root matrix for a positive

semi-definite matrix A, satisfying A1/2A1/20 = A. Also, for A nonsingular let A−1/2 = (A1/2)−1.
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Theorem 2: If Assumptions 1-5 are satisfied, σ2i ≥ C > 0 with probability one, and K/rn is

bounded, then with probability one V̄n and Vn are nonsingular for large enough n and

V̄ −1/2n S0n(δ̃ − δ0)
d−→ N(0, IG), V

−1/2
n S0n(δ̂ − δ0)

d−→ N(0, IG).

The convergence rate of the estimator is related to the size of Sn. In a simple case where δ is a

scalar we can take Sn = μn =
√
rn. In this case the convergence rate of the estimator will simply be

1/
√
rn when K/rn is bounded. This rate, the inverse square root of the concentration parameter,

is the usual one for instrumental variables. This rate changes when K grows faster than rn.

The rate of convergence in Theorem 2 corresponds to the rate found by Stock and Yogo (2005)

under homoskedasticity for LIML, Fuller’s modified LIML, and B2SLS, when rn grows at the same

rate as K and slower than n.

The term Ψ̄n in the asymptotic variance of δ̃ and the term Ψn in the asymptotic variance of

δ̂ account for the presence of many instruments. The order of these terms is K/rn, so that if

K/rn −→ 0 these terms can be dropped without affecting the asymptotic variance. When K/rn is

bounded but does not go to zero these terms have the same order as other terms and it is important

to account for their presence in the standard errors. If K/rn −→∞ then these terms will dominate

and slow down the convergence rate of the estimators. When K/rn −→∞ the asymptotic variance

of
p
rn/KS0n(δ̃ − δ0) will be

V̄ ∗n = H̄−1
n (rn/K)Ψ̄nH̄

−1
n ,

and the asymptotic variance of
p
rn/KS0n(δ̂ − δ0) will be

V ∗n = H−1
n (rn/K)ΨnH

−1
n .

When K/rn −→ ∞ the asymptotic variance matrices V̄ ∗n and V ∗n may be singular, especially

when some components of Xi are exogenous or when different identification strengths are present.

In order to allow for this singularity the asymptotic normality results are stated in terms of a linear

combination of the estimator. Let Ln be a sequence of c×G matrices.

Theorem 3: Suppose that Assumptions 1-5 are satisfied and K/rn −→ ∞. If Ln is bounded

and with probability one there is C > 0 such that λmin
¡
LnV̄

∗
nL

0
n

¢ ≥ C then

¡
LnV̄

∗
nL

0
n

¢−1/2
Ln

q
rn/KS0n(δ̃ − δ0)

d−→ N(0, Ic).
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Also, if with probability one there is C > 0 such that λmin (LnV
∗
nL

0
n) ≥ C then

¡
LnV

∗
nL

0
n

¢−1/2
Ln

q
rn/KS0n(δ̂ − δ0)

d−→ N(0, Ic).

Here the convergence rate is related to the size of (
p
rn/K)Sn. In a simple case where δ is

a scalar we can take Sn =
√
rn, giving a convergence rate of

√
K/rn. Here the conclusion of the

theorem will be that
³
rn/
√
K
´
(δ̃−δ0) is asymptotically normal. It is interesting that

√
K/rn −→ 0

is a condition for consistency in this setting as well as in the context of Theorem 1 above.

From Theorems 2 and 3 it is clear that the rates of convergence of both JIV estimators depend in

general on the strength of the available instruments as reflected in the relative orders of magnitude

of rn vis-à-vis K. Note also that, whenever rn grows at a slower rate than n, the rate of convergence

is slower than the conventional
√
n rate of convergence, since in this case the available instruments

are weaker than that assumed in the conventional strongly identified case, where the concentration

parameter is taken to grow at the rate n.

When Pii = Z 0i(Z 0Z)−1Zi goes to zero uniformly in i, the asymptotic variances of the two JIV

estimators will get close in large sample. Since
Pn

i=1 Pii = tr(P ) = K, Pii going to zero will occur

when K grows more slowly than n, though precise conditions for this depend on the nature of Zi.

As a practical matter, Pii will generally be very close to zero in applications where K is very small

relative to n, making the jackknife estimators very close to each other.

Under homoskedasticity we can compare the asymptotic variances of the two JIV estimators.

With homoskedasticity the asymptotic variance of δ̃ is

V̄n = V̄ 1n + V̄ 2n , V̄
1
n = σ2H̄−1

n , V̄ 2n = S−1n σ2E[UiU
0
i ]
X
i6=j

P 2ij/(1− Pjj)
2S−1n

+S−1n E[Uiεi]E[U
0
iεi]S

−10
n

X
i6=j

P 2ij(1− Pjj)
−1(1− Pjj)

−1.

Also, the asymptotic variance of δ̂ is

Vn = V 1n + V 2n , V
1
n = σ2H−1

n

"
nX
i=1

(1− Pii)
2ziz

0
i/n

#
H−1
n ,

V 2n = S−1n
³
σ2E[UiU

0
i ] +E[Uiεi]E[U

0
iεi]

´
S−10n

X
i6=j

P 2ij .

By the fact that (1 − Pii)
−1 > 1 we have V̄ 2n ≥ V 2n in the positive semi-definite sense. Also, note

that V̄ 1n is the variance of an IV estimator with instruments zi(1− Pii) while V
2
n is the variance of
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the corresponding least squares estimator, so that V̄ 1n ≤ V 1n . Thus, it appears that in general we

cannot rank the asymptotic variances of the two estimators.

Turning now to the consistency of the asymptotic variance estimators, we impose the following

additional condition.

Assumption 6: There is C with kzik ≤ C for all i, and there exists πn such that maxi≤n kzi − πnZik −→
0

The next result shows that the estimators of the asymptotic variance we have given are consistent

after normalization.

Theorem 4: Suppose that Assumptions 1-6 are satisfied. If K/rn is bounded then S0nṼ Sn −
V̄n

p−→ 0 and S0nV̂ Sn − Vn
p−→ 0. Also, if K/rn −→ ∞ then rnS

0
nṼ Sn/K − V̄ ∗n

p−→ 0 and

rnS
0
nV̂ Sn/K − V ∗n

p−→ 0.

A primary use of asymptotic variance estimators is in conducting approximate inference con-

cerning coefficients.

Theorem 5: Suppose Assumptions 1-6 are satisfied and that a(δ) is an c × 1 vector of func-
tions such i) a(δ) is continuously differentiable in a neighborhood of δ0, ii) there is a square ma-

trix Bn such that for A = ∂a(δ0)/∂δ, BnAS
−10
n is bounded; iii) for any δ̄k

p−→ δ0, (k = 1, ..., c)

and Ā = [∂a1(δ̄1)/∂δ, ..., ∂ac(δ̄c)/∂δ], we have Bn(Ā − A)S−10n
p−→ 0. If K/rn is bounded and

λmin(BnAS
−10
n V̄nS

−1
n A0B0n) ≥ C or K/rn −→ ∞ and λmin(BnAS

−10
n V̄ ∗nS−1n A0B0n) ≥ C then for

Ã = ∂a(δ̃)/∂δ,

(ÃṼ Ã0)−1/2
h
a(δ̃)− a(δ0)

i
d−→ N(0, I).

IfK/rn is bounded and λmin(BnAS
−10
n VnS

−1
n A0B0n) ≥ C orK/rn −→∞ and λmin(BnAS

−10
n V ∗nS−1n A0B0n) ≥

C then for Â = ∂a(δ̂)/∂δ,

(ÂV̂ Â0)−1/2
h
a(δ̂)− a(δ0)

i
d−→ N(0, I).

Perhaps the most important special case of this result is that for a single linear combination.

For example, that case will lead to t-statistics based on the consistent variance estimator having

the usual standard normal limiting distribution. The following result considers that case.

10



Corollary 6: Suppose Assumptions 1-6 are satisfied and that c and bn are such that bnc
0S−10n is

bounded. Then if K/rn is bounded and b
2
nc
0S−10n V̄nS

−1
n c ≥ C or K/rn −→∞ and b2nc

0S−10n V̄ ∗nS−1n c ≥
C then

c0(δ̃ − δ0)p
c0Ṽ c

d−→ N(0, 1).

Also, if K/rn is bounded and c0S−10n VnS
−1
n c/b2n ≥ C or K/rn −→ ∞ and c0S−10n V ∗nS−1n c/b2n ≥ C

then
c0(δ̂ − δ0)p

c0V̂ c
d−→ N(0, 1).

4 Concluding Remarks

In this paper we have derived limiting distribution results for two alternative JIV estimators.

These estimators are both seen to be consistent and asymptotically normal in the presence of many

instruments and heteroskedasticity that precludes the consistency of LIML, 2SLS, and B2SLS in

the context of heteroskedasticity of unkown form.
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5 Appendix A - Proofs of Theorems

Throughout, let C denote a generic positive constant that may be different in different uses and

let M, CS, and T denote the conditional Markov inequality, the Cauchy-Schwartz inequality, and

the Triangle inequality respectively. We first give four lemmas that are useful in the proof of

consistency, asymptotic normality, and consistency of the asymptotic variance estimator. We group

them together here for ease of reference, because they are also used in Hausman et. al. (2007).

Lemma A1: If (Wi, Yi), (i = 1, ..., n) are independent, Wi and Yi are scalars, and P is

symmetric, idempotent of rank K then for w̄ = E[(W1, ...,Wn)
0], ȳ = E[(Y1, ..., Yn)

0], σ̄Wn =

maxi≤n V ar(Wi)
1/2, σ̄2Y n = maxi≤n V ar(Yi)

1/2,

X
i6=j

PijWiYj =
X
i6=j

Pijw̄iȳj +Op(K
1/2σ̄Wnσ̄Y n + σ̄Wn

p
ȳ0ȳ + σ̄Y n

√
w̄0w̄).

Proof. Let w̃i =Wi − w̄i and ỹi = Yi − ȳi. Note that

X
i6=j

PijWiYj −
X
i6=j

Pijw̄iȳj =
X
i6=j

Pijw̃iỹj +
X
i6=j

Pijw̃iȳj +
X
i6=j

Pijw̄iỹj .

Let Dn = σ̄2Wnσ̄
2
Y n. Note that for i 6= j and k 6= c, E [w̃iỹjw̃kỹc] is zero unless i = k and j = c or

i = c and j = k. Then by CS and
P

j Pij = Pii,

E

⎡⎢⎣
⎛⎝X
i6=j

Pijw̃iỹj

⎞⎠2
⎤⎥⎦ =

X
i6=j

X
k 6=c

PijPkcE [w̃iỹjw̃kỹc]

=
X
i6=j

P 2ij

³
E[w̃2i ]E[ỹ

2
j ] +E[w̃iỹi]E[w̃j ỹj ]

´
≤ 2Dn

X
i6=j

P 2ij ≤ 2Dn

X
i

Pii = 2DnK.

Then by M,
P

i6=j Pijw̃iỹj = Op(D
1/2
n K1/2). Also, for w̃ = (w̃1, ..., w̃n)

0, we have
P

i6=j Pijw̃iȳj =

w̃P ȳ −Pi Piiȳiw̃i. By independence across i we have E[w̃w̃
0] ≤ σ̄2WnIn, so that

E[(ȳ0Pw̃)2] = ȳ0PE[w̃w̃0]P ȳ ≤ σ̄2Wnȳ
0P ȳ ≤ σ̄2Wnȳ

0ȳ,

E[

ÃX
i

Piiȳiw̃i

!2
] =

X
i

P 2iiE[w̃
2
i ]ȳ

2
i ≤ σ̄2Wnȳ

0ȳ.

Then by M and T we have
P

i6=j Pijw̃iȳj = Op(σ̄Wn
√
ȳ0ȳ). Interchanging the roles of Yi and Wi

gives
P

i6=j Pijw̄iỹj = Op(σ̄Y n
√
w̄0w̄). The conclusion then follows by T. Q.E.D.
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Lemma A2: If i) P is a symmetric, idempotent matrix with rank(P ) = K, Pii ≤ C < 1;

ii) (W1n, U1, ε1), ..., (Wnn, Un, εn) are independent and Dn =
Pn

i=1E[WinW
0
in] is bounded; iii)

E [W 0
in] = 0, E[Ui] = 0, E[εi] = 0 and there exists a constant C such that E[kUik4] ≤ C, E[ε4i ] ≤ C;

iv)
Pn

i=1E[kWink4] −→ 0; v)K −→∞; then for Σ̄n def= P
i6=j P 2ij

³
E[UiU

0
i ]E[ε

2
j ] +E[Uiεi]E[εjU

0
j ]
´
/K

and any bounded sequences c1n and c2n of conformable vectors with Ξn = c01nDnc1n+c02nΣ̄nc2n > C

it follows that

Yn = Ξ
−1/2
n (

nX
i=1

c01nWin + c02n
X
i6=j

UiPijεj/
√
K)

d−→ N (0, 1) .

Proof: The proof of Lemma A2 is long and is deferred to Appendix B.

The next two results are helpful in proving consistency of the variance estimator. They use the

same notation as Lemma A1 and μ̄W = maxi≤n |E[Wi]| and μ̄Y = maxi≤n |E[Yi]|.

Lemma A3: If (Wi, Yi), (i = 1, ..., n) are independent, Wi and Yi are scalars then

X
i6=j

P 2ijWiYj = E[
X
i6=j

P 2ijWiYj ] +Op({K(σ̄2W σ̄2Y + σ̄2W μ̄2Y + μ̄2W σ̄2Y )}1/2).

Proof: Using the notation of the proof of Lemma A1, we have

X
i6=j

P 2ijWiYj −
X
i6=j

P 2ijw̄iȳj =
X
i6=j

P 2ijw̃iỹj +
X
i6=j

P 2ijw̃iȳj +
X
i6=j

P 2ijw̄iỹj .

As before, for i 6= j and k 6= c, E [w̃iỹjw̃kỹc] is zero unless i = k and j = c or i = c and j = k. Then

by CS, P 4ij ≤ P 2ij , and
P

j Pij = Pii,

E

⎡⎢⎣
⎛⎝X
i6=j

P 2ijw̃iỹj

⎞⎠2
⎤⎥⎦ =

X
i6=j

X
k 6=c

P 2ijP
2
kcE [w̃iỹjw̃kỹc]

=
X
i6=j

P 4ij

³
E[w̃2i ]E[ỹ

2
j ] +E[w̃iỹi]E[w̃j ỹj ]

´
≤ 2σ̄2W σ̄2Y

X
i6=j

P 4ij ≤ 2σ̄2W σ̄2YK.

Then by M,
P

i6=j P 2ijw̃iỹj = Op(
¡
Kσ̄2W σ̄2Y

¢1/2
). Also,

P
i6=j P 2ijw̃iȳj = w̃P̃ ȳ − Pi P

2
iiȳiw̃i where

13



P̃ij = P 2ij . By independence across i we have E[w̃w̃
0] ≤ σ̄2WnIn, so that

E[(ȳ0P̃ w̃)2] = ȳ0P̃E[w̃w̃0]P̃ ȳ ≤ σ̄2Wnȳ
0P̃ 2ȳ = σ̄2Wn

X
i,j,k

ȳiP
2
ikP

2
kj ȳj

≤ σ̄2W μ̄2Y
X
i,j,k

P 2ikP
2
kj = σ̄2W μ̄2Y

X
k

(
X
i

P 2ik)(
X
j

P 2kj)

= σ̄2W μ̄2Y
X
k

P 2kk ≤ Kσ̄2W μ̄2Y .

E[

ÃX
i

P 2iiȳiw̃i

!2
] =

X
i

P 4iiE[w̃
2
i ]ȳ

2
i ≤ Kσ̄2W μ̄2Y .

Then by M and T we have
P

i6=j P 2ijw̃iȳj = Op(
¡
Kσ̄2W μ̄2Y

¢1/2
). Interchanging the roles of Yi and Wi

gives
P

i6=j P 2ijw̄iỹj = Op(
¡
Kσ̄2Y μ̄

2
W

¢1/2
). The conclusion then follows by T. Q.E.D.

As a notational convention we let
P

i6=j 6=k denote
P

i

P
j 6=i

P
k/∈{i,j}.

Lemma A4: If Wi, Yi, ηi, are independent across i with E[Wi] = ai/
√
n, E[Yi] = bi/

√
n,

|ai| ≤ C, |bi| ≤ C, E[η2i ] ≤ C, V ar(Wi) ≤ C/rn, V ar(Yi) ≤ C/rn, there exists πn such that

maxi≤n |ai − Z 0iπn| −→ 0, and
√
K/rn −→ 0 then

An = E[
X

i6=j 6=k
WiPikηkPkjYj ] = O(1),

X
i6=j 6=k

WiPikηkPkjYj −An
p−→ 0.

Proof: Given in Appendix B.

Lemma A5: If Assumptions 1-3 are satisfied then

S−1n H̃S−10n =
X
i6=j

ziPij(1− Pjj)
−1z0j/n+ op(1), S

−1
n

X
i6=j

XiPij(1− Pjj)
−1εj/μn

p−→ 0,

S−1n ĤS−10n =
X
i6=j

ziPijz
0
j/n+ op(1), S

−1
n

X
i6=j

XiPijεj/μn
p−→ 0.

Proof: Apply Lemma A1 with Yi = e0kS
−1
n Xi = zik/

√
n+e0kS

−1
n Ui andWi = e0cS

−1
n Xi(1−Pii)−1 for

some k and c. Note that since
°°S−1n °° ≤ C/

√
rn,

E[Yi] = zik/
√
n, V ar(Yi) ≤ C/rn, E[Wi] = zic/

√
n(1− Pii), V ar(Wi) ≤ C/rn.

Note that

√
Kσ̄Wnσ̄Y n ≤ C

√
K/rn −→ 0, σ̄Wn

p
ȳ0ȳ ≤ Cr−1/2n

qX
z2ik/n −→ 0,

σ̄Y n
√
w̄0w̄ ≤ Cr−1/2n

sX
i

z2ic(1− Pii)−2/n ≤ Cr−1/2n

sX
i

z2ic/n −→ 0.
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Since e0kS
−1
n H̃S−10n ec = e0kS

−1
n

P
i6=j XiPijX

0
jS
−10
n ec/(1−Pjj) =P

i6=j WiPijYj and Pijw̄iȳj = Pijzikzjc/n(1−
Pjj), by Lemma A1 the first conclusion holds for the (k, c) element. The first conclusion then follows

by applying this same argument to each element.

For the second conclusion, apply Lemma A1 with Yi = e0kS
−1
n Xi as before andWi = εi/

√
rn(1−

Pii).

For the third conclusion, apply Lemma A1 with Wi = e0kS
−1
n Xi as before and Yi = e0cS

−1
n Xi, so

that

√
Kσ̄Wnσ̄Y n ≤ C

√
K/rn −→ 0, σ̄Wn

p
ȳ0ȳ ≤ Cr−1/2n

qX
z2ik/n −→ 0, σ̄Y n

√
w̄0w̄ −→ 0.

The fourth conclusion follows similarly. Q.E.D.

Let H̄n =
P

i ziz
0
i/n and Hn =

P
i(1− Pii)ziz

0
i/n.

Lemma A6: If Assumptions 1-4 are satisfied then

S−1n H̃S−10n = H̄n + op(1), S
−1
n ĤS−10n = Hn + op(1).

Proof: Let z̄i =
Pn

i=1 Pijzj be the i
th element of Pz and note that

nX
i=1

kzi − z̄ik2 /n = k(I − P )zk2 /n = tr(z0(I − P )z/n) = tr[(z − Zπ0Kn)
0(I − P )(z − Zπ0Kn)/n]

≤ tr[(z − Zπ0Kn)
0(z − Zπ0Kn)/n] =

nX
i=1

kzi − πKnZik2 /n −→ 0.

It follows that°°°°°X
i

(z̄i − zi)(1− Pii)
−1z0i/n

°°°°° ≤ X
i

kz̄i − zik
°°°(1− Pii)

−1z0i
°°° /n

≤
sX

i

kz̄i − zik2 /n
sX

i

k(1− Pii)−1zik2 /n −→ 0.

Then

X
i6=j

ziPij(1− Pjj)
−1z0j/n =

X
i,j

ziPij(1− Pjj)
−1z0j/n−

X
i

ziPii(1− Pii)
−1z0i/n

=
X
i

z̄i(1− Pii)
−1z0i/n−

X
i

ziPii(1− Pii)
−1z0i/n

= H̄n +
X
i

(z̄i − zi)(1− Pii)
−1z0i/n = H̄n + o(1).
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The first conclusion then follows from Lemma A5 and the triangle inequality. Also, as in the last

equation we have

X
i6=j

ziPijz
0
j/n =

X
i,j

ziPijz
0
j/n−

X
i

Piiziz
0
i/n =

X
i

z̄iz
0
i/n−

X
i

Piiziz
0
i/n

= Hn +
X
i

(z̄i − zi)z
0
i/n = Hn + o(1),

so the second conclusion follows similarly to the first. Q.E.D.

Proof of Theorem 1: First, note that by λmin (SnS
0
n/rn) ≥ λmin

³
S̃nS̃

0
n

´
≥ C we have

°°°S0n(δ̃ − δ0)/μn
°°° ≥ λmin(SnS

0
n/rn)

1/2
°°°δ̃ − δ0

°°° ≥ C
°°°δ̃ − δ0

°°° .
Therefore, S0n(δ̃ − δ0)/μn

p−→ 0 will imply δ̃
p−→ δ0. Note that by Assumption 2, H̄n is bounded

and λmin(H̄n) ≥ C for large enough n, with probability one. For H̃ from Section 2, it follows from

Lemma A6 and Assumption 2 that with probability one λmin(S
−1
n H̃S−10n ) ≥ C as the sample size

grows. Hence
³
S−1n H̃S−10n

´−1
= Op(1). By eq. (1),

μ−1n S0n(δ̃ − δ0) = (S
−1
n H̃S−10n )−1S−1n

X
i6=j

XiPijξj/μn = Op(1)op(1)
p−→ 0.

All of the previous statements are conditional on conditional on (Υ, Z) for a given sample size

n, so that for the random variable Rn = μ−1n S0n(δ̃ − δ0) we have shown that for any costant v > 0,

with probability one

Pr(kRnk ≥ v|Υ, Z) −→ 0.

Then by the dominated convergence theorem,

Pr(kRnk ≥ v) = E[Pr(kRnk ≥ v|Υ, Z)] −→ 0.

Therefore, since v is arbitrary, it follows that Rn = μ−1n S0n(δ̃ − δ0)
p−→ 0.

Next note that Pii ≤ C < 1, so in the positive semi-definite sense in large enough samples with

probability one,

Hn =
X
(1− Pii)ziz

0
i/n ≥ CH̄n,

Thus, Hn is bounded and bounded away from singularity for large enough n with probability one.

Then the rest of the conclusion follow analogously with δ̂ replacing δ̃ and Hn replacing H̄n. Q.E.D.
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We now turn to the asymptotic normality results. In what follows let ξi = εi when considering

the JIV2 estimator and let ξi = εi/(1− Pii) when considering JIV1.

Proof of Theorem 2: Note that E[ξ2i ] ≤ C so that

E[

°°°°°
nX
i=1

(zi − z̄i) ξi/
√
n

°°°°°
2

] =
nX
i=1

kzi − z̄ik2E[ξ2i ]/n ≤ C
nX
i=1

kzi − z̄ik2 /n −→ 0.

Then by M,

S−1n
X
i 6=j

XiPijξj −
X
i

zi(1− Pii)ξi/
√
n− S−1n

X
i6=j

UiPijξj =
nX
i=1

(zi − z̄i) ξi/
√
n

p−→ 0.

Let Win = zi(1− Pii)ξi/
√
n and

Γn = V ar(
nX
i=1

Win +
X
i6=j

S−1n UiPijξj)

=
nX
i=1

ziz
0
i(1− Pii)

2E[ξ2i ]/n+ S−1n
X
i6=j

P 2ij

³
E[UiU

0
i ]E[ξ

2
j ] +E[Uiξi]E[U

0
jξj ]

´
S−10n

Note that μnS
−1
n is bounded by Assumption 2 and that

P
i6=j P 2ij/K ≤ 1, so by zi bounded,

Assumption 3, and K/μ2n bounded it follows that Γn is bounded. Also, E[ξ
2
i ] ≥ C > 0, so that

Γn ≥
nX
i=1

ziz
0
i(1− Pii)

2E[ξ2i ]/n ≥ C
nX
i=1

ziz
0
i/n,

so by Assumption 2 λmin(Γn) ≥ C > 0 for all n large enough. It follows that Γ−1n exists and is

bounded in n for n large enough.

Let α be a G × 1 nonzero vector. Now apply Lemma A2 with Ui there equal to Ui here, εi

there equal to ξi here, Win = zi(1 − Pii)ξi/
√
n, c1n = α0Γ−1n , and c2n = α0Γ−1n S−1n

√
K. Note that

condition i) of Lemma A2 is satisfied. Also, by zi and E[ξ2i ] bounded, condition ii) of Lemma A2

is satsifed and condition iii) is satisfied by Assumptions 3 and 5. Also, by (1 − Pii)
−1 ≤ C and

Assumption 5,
nX
i=1

E[kWink4] ≤ C
nX
i=1

kzik4 /n2 −→ 0.

so condition iv) is satisfied. Finally, condition v) is satsfied by hypothesis. Note also that c1n is

bounded, c2n = α0Γ−1n S−1n μn
√
K/μn is bounded by hypothesis, and Ξn = α0α by construction.

17



Then by the conclusion of Lemma A2,

¡
α0α

¢−1/2
α0Γ−1/2n S−1n

X
i6=j

XiPijξj =
¡
α0α

¢−1/2
α0Γ−1/2n

⎛⎝ nX
i=1

Win +
X
i6=j

S−1n UiPijξj + op(1)

⎞⎠
= Ξ−1/2n (

nX
i=1

c01nWin + c02n
X
i6=j

UiPijεj/
√
K)

d−→ N (0, 1) .

It follow that α0Γ−1/2n S−1n
P

i6=j XiPijξj
d−→ N (0, α0α) , so by the Cramer-Wold device,

Γ−1/2n S−1n
X
i6=j

XiPijξj
d−→ N (0, IG) .

Consider now the JIV1 estimator, where ξi = εi/(1− Pii) and Γn = Ω̄n + Ψ̄n, so that¡
Ω̄n + Ψ̄n

¢−1/2
S−1n

X
i6=j

XiPij(1− Pjj)
−1εj

d−→ N (0, IG) .

Note that Bn = V̄
−1/2
n H̄−1

n Γ
1/2
n is an orthogonal matrix, since BnB

0
n = V̄

−1/2
n V̄nV̄

−1/20
n = I. Also,

V̄
−1/2
n is bouñded by λmin(V̄n) ≥ C, and Γ

1/2
n is also bounded by Γn bounded. By Lemma A6,

(S−1n H̃S−10n )−1 = H̄−1
n + op(1). Therefore, we have

V̄ −1/2n (S−1n H̃S−10n )−1Γ1/2n = V̄ −1/2n (H̄−1
n + op(1))Γ

1/2
n

= Bn + op(1).

Note also that if Yn
d−→ N (0, IG) then for any orthogonal matrix Bn, BnYn

d−→ N (0, IG). Then

by the Slutzky lemma and δ̃ = δ0 + H̃−1P
i6=j XiPijξj for ξj = (1− Pjj)

−1εj we have

V̄ −1/2n S0n(δ̃ − δ0) = V̄ −1/2n S0nH̃
−1X

i6=j
XiPijξj = V̄ −1/2n (S−1n H̃−1S−10n )−1S−1n

X
i6=j

XiPijξj

= V̄ −1/2n (S−1n H̃S−10n )−1Γ1/2n Γ
−1/2
n S−1n

X
i6=j

XiPijξj

= BnΓ
−1/2
n S−1n

X
i6=j

XiPijξj + op(1)
d−→ N (0, IG) .

The conclusion for JIV2 follows by a similar argument for ξi = εi. Q.E.D.

Proof of Theorem 3: Under the hypotheses of Theorem 3, rn/K −→ 0. Similarly to the

proof of Theorem 2 we have,q
rn/KS−1n

X
i6=j

XiPijξj =
q
rn/K

nX
i=1

zi(1− Pii)ξi/
√
n+ μnS

−1
n

X
i6=j

UiPijξj/
√
K + op(1)

= μnS
−1
n

X
i6=j

UiPijξj/
√
K + op(1).
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Here let

Γn = V ar(μnS
−1
n

X
i6=j

UiPijξj/
√
K)

= μ2nS
−1
n

X
i6=j

P 2ij

³
E[UiU

0
i ]E[ξ

2
j ] +E[Uiξi]E[U

0
jξj ]

´
S−10n /K.

Note that Γn is bounded by μnS
−1
n bounded, E[kUik2] ≤ C, and E[ξ2j ] ≤ C. Let L̄n be any sequence

of bounded matrices with λmin(L̄nΓnL̄
0
n) ≥ C and let

Ȳn =
¡
L̄nΓnL̄

0
n

¢−1/2
L̄n

q
rn/KS−1n

X
i6=j

UiPijξj .

Now let α be a nonzero vector and apply Lemma A2 with Win = 0, εi = ξi, c1n = 0, and c2n =

α0
¡
L̄nΓnL̄

0
n

¢−1/2
L̄nμnS

−1
n . We have c02nV ar

³P
i6=j UiPijξj/

√
K
´
c2n = α0α > 0 by construction.

Then by the conclusion of Lemma A2 it follows that α0Ȳn
d−→ N(0, α0α). Then by the Cramer-Wold

device we have

Ȳn
d−→ N(0, I).

Consider now the JIV1 estimator, where ξi = εi/(1− Pii) and Γn = (rn/K)Ψ̄n, so that

¡
L̄nΓnL̄

0
n

¢−1/2
L̄n

q
rn/KS−1n

X
i6=j

XiPij(1− Pjj)
−1εj = Ȳn + op(1)

d−→ N (0, Ic) .

Let Ln be as specified in the statement of the result such that λmin
¡
LnV̄

∗
nL

0
n

¢ ≥ C and let L̄n =

LnH̄
−1
n , so that LnV̄

∗
nL

0
n = L̄nΓnL̄

0
n. Note that,

¡
L̄nΓnL̄

0
n

¢−1/2
and Γ

1/2
n are bounded. By Lemma

A6, (S−1n H̃S−10n )−1 = H̄−1
n + op(1). Therefore, we have

¡
L̄nΓnL̄

0
n

¢−1/2
Ln(S

−1
n H̃S−10n )−1 =

¡
L̄nΓnL̄

0
n

¢−1/2
Ln(H̄

−1
n + op(1)) =

¡
L̄nΓnL̄

0
n

¢−1/2
L̄n + op(1).

Note also that
p
rn/KS−1n

P
i6=j XiPij(1− Pjj)

−1εj = Op(1). Then we have³
LnH̄

−1
n Ψ̄nH̄

−1
n L0n

´−1/2
LnS

0
n(δ̃ − δ0)

=
¡
L̄nΓnL̄

0
n

¢−1/2
Ln(S

−1
n H̃−1S−10n )

q
rn/KS−1n

X
i6=j

XiPij(1− Pjj)
−1εj

=
h¡
L̄nΓnL̄

0
n

¢−1/2
L̄n + op(1)

iq
rn/KS−1n

X
i6=j

XiPij(1− Pjj)
−1εj

=
¡
L̄nΓnL̄

0
n

¢−1/2
L̄n

q
rn/KS−1n

X
i6=j

XiPij(1− Pjj)
−1εj + op (1)

= Ȳn + op(1)
d−→ N (0, Ic) .
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The conclusion for JIV2 follows by a similar argument for ξi = εi. Q.E.D.

Next, we turn to the proof of Theorem 4. Let ξ̃i = (yi−X 0
i δ̃)/(1−Pii) and ξi = εi/(1−Pii) for

JIV1 and ξ̂i = yi −X 0
i δ̂ and ξi = εi for JIV2. Also, let

Ẋi = S−1n Xi, Σ̂1 =
X

i 6=j 6=k
ẊiPikξ̂

2
kPkjẊ

0
j , Σ̂2 =

X
i6=j

P 2ij

³
ẊiẊ

0
i ξ̂
2
j + Ẋiξ̂iξ̂jẊ

0
j

´
,

Σ̇1 =
X

i 6=j 6=k
ẊiPikξ

2
kPkjẊ

0
j , Σ̇2 =

X
i6=j

P 2ij

³
ẊiẊ

0
iξ
2
j + ẊiξiξjẊ

0
j

´
.

Lemma A7: If Assumptions 1-6 are satisfied then Σ̂1 − Σ̇1 = op(1) and Σ̂2 − Σ̇2 = op(K/rn).

Proof: To show the first conclusion note that for δ̇ = δ̂ and XP
i = Xi/(1 − Pii) for JIV1 and

δ̇ = δ̃ and XP
i = Xi for JIV2, δ̇

p−→ δ0 and

ξ̂2i − ξ2i = −2ξiXP 0
i (δ̇ − δ0) +

h
XP 0
i (δ̇ − δ0)

i2
.

Let ηi be any element −2ξiXP 0
i or of XP

i X
P 0
i . Note that Sn/

√
n is bounded so by the Cauchy-

Schwartz inequality, kΥik = kSnzi/√nk ≤ C. Then

E[η2i ] ≤ CE[ξ2i ] + CE[kXik2] ≤ C + CE[kΥik2] + CE[kUik2] ≤ C.

Let ∆̂n denote a sequence of random variables converging to zero in probability. By Lemma A4,

∆̂
X

i6=j 6=k
ẊiPikηkPkjẊ

0
j = op(1)Op(1)

p−→ 0.

From the above expression for ξ̂2i − ξ2i we see that Σ̂1 − Σ̇1 is a sum of terms of the form

∆̂
P

i6=j 6=k ẊiPikηkPkjẊ
0
j , so by the triangle inequality Σ̂1 − Σ̇1

p−→ 0.

Let di = C+ |εi|+kUik, Â = (1+
°°°δ̂°°°) for JIV1, Â = (1+°°°δ̃°°°) for JIV2, B̂ =

°°°δ̂ − δ0
°°° for JIV1,

and B̂ =
°°°δ̃ − δ0

°°° for JIV2. By the conclusion of Theorem 1 we have Â = Op(1) and B̂
p−→ 0.

Also, by Pii bounded away from 1, (1− Pii)
−1 ≤ C, so for both JIV1 and JIV2,

kXik ≤ C + kUik ≤ di,
°°°Ẋi

°°° ≤ Cμ−1n di,¯̄̄
ξ̂i − ξi

¯̄̄
≤ C

¯̄̄
X 0
i(δ̂ − δ0)

¯̄̄
≤ CdiB̂,

¯̄̄
ξ̂i
¯̄̄
≤ C

¯̄̄
X 0
i(δ0 − δ̂)

¯̄̄
+ |ξi| ≤ CdiÂ,¯̄̄

ξ̂2i − ξ2i

¯̄̄
≤

³
|ξi|+

¯̄̄
ξ̂i
¯̄̄´ ¯̄̄

ξ̂i − ξi
¯̄̄
≤ Cdi(1 + Â)diB̂ ≤ Cd2i ÂB̂,°°°Ẋi

³
ξ̂i − ξi

´°°° ≤ Cμ−1n d2i B̂,
°°°Ẋiξ̂i

°°° ≤ Cμ−1n d2i Â,
°°°Ẋiξi

°°° ≤ Cμ−1n d2i .
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Also note that

E

⎡⎣X
i6=j

P 2ijd
2
i d
2
jr
−1
n

⎤⎦ ≤ Cr−1n
X
i,j

P 2ij = Cr−1n
X
i

Pii = CK/rn.

so that
P

i6=j P 2ijd2i d2jr−1n = Op(K/rn) by the Markov inequality. Then it follows that°°°°°°
X
i6=j

P 2ij

³
ẊiẊ

0
i

³
ξ̂2j − ξ2j

´´°°°°°° ≤
X
i6=j

P 2ij

°°°Ẋi

°°°2 ¯̄̄ξ̂2j − ξ2j

¯̄̄
≤ Cμ−2n

X
i6=j

P 2ijd
2
i d
2
j ÂB̂ = op (K/rn) .

We also have°°°°°°
X
i6=j

P 2ij

³
Ẋiξ̂iξ̂jẊ

0
j − ẊiξiξjẊj

´°°°°°° ≤
X
i6=j

P 2ij

³°°°Ẋiξ̂i
°°° °°°Ẋj

³
ξ̂j − ξj

´°°°+ °°°Ẋjξj
°°° °°°X̆i

³
ξ̂i − ξi

´°°°´
≤ Cr−1n

X
i6=j

P 2ijd
2
i d
2
jÂB̂ = op

µ
K

rn

¶
.

The second conclusion then follows by the triangle inequality. Q.E.D.

Lemma A8: If Assumptions 1-6 are satisfied then

Σ̇1 =
X

i6=j 6=k
ziPikE[ξ

2
k]Pkjz

0
j/n+ op(1),

Σ̇2 =
X
i6=j

P 2ijziz
0
iE[ξ

2
j ]/n

+S−1n
X
i6=j

P 2ij

³
E[UiU

0
i ]E[ξ

2
j ] +E[Uiξi]E[ξjU

0
j ]
´
S−10n + op(K/rn),

Proof: To prove the first conclusion apply Lemma A4 with Wi equal to an element of Ẋi, Yj equal

to an element of Ẋj , and ηk = ξ2k.

Next, note that V ar(ξ2i ) ≤ C and rn ≤ Cn, so that for uki = e0kS
−1
n Ui,

E[(ẊikẊic)
2] ≤ CE[Ẋ4

ik + Ẋ4
ic] ≤ C

n
z4ik/n

2 +E[u4k] + z4ic/n
2 +E[u4c ]

o
≤ Cr−2n ,

E[(Ẋikξi)
2] ≤ CE[(z2ikξ

2
i /n+ u2kiξ

2
i )] ≤ Cn−1 + Cμ−2n ≤ Cr−1n .

Also, we have, for Ωi = E[UiU
0
i ],

E[ẊiẊ
0
i] = ziz

0
i/n+ S−1n ΩiS

−10
n , E[Ẋiξi] = S−1n E[Uiξi].

Next let Wi be e
0
jẊiẊ

0
iek for some j and k, so that

E[Wi] = e0jS
−1
n E[UiU

0
i ]S

−10
n ek + zijzik/n, |E[Wi]| ≤ Cr−1n .

V ar(Wi) = V ar
n³

e0jS
−1
n Ui + zij/

√
n
´³

e0kS
−1
n Ui + zik/

√
n
´o

≤ C/r2n +C/nrn ≤ C/r2n.
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Also let Yi = ξ2i . Then
√
K(σ̄Wnσ̄Y n + σ̄Wnμ̄Y n + μ̄Wnσ̄Y n) ≤ C

√
K/rn, so applying Lemma A3

for this Wi and Yi givesX
i6=j

P 2ijẊiẊ
0
iξ
2
j =

X
i6=j

P 2ij

³
ziz

0
i/n+ S−1n ΩiS

−10
n

´
E[ξ2j ] +Op(

√
K/rn).

It follows similarly from Lemma A3 with Wi and Yi equal to elements of Ẋiξi thatX
i6=j

P 2ijẊiξiξjẊ
0
j = S−1n

X
i6=j

P 2ijE[Uiξi]E[ξjU
0
j ]S

−10
n +Op(

√
K/rn).

Also, by K −→ ∞ we have Op(
√
K/rn) = op(K/rn). The second conclusion then follows by T.

Q.E.D.

Proof of Theorem 4: Let σ̇2i = E[ξ2i ] and z̄i =
P

j Pijzi = e0iPz. Then

X
i6=j 6=k

ziPikσ̇
2
kPkjz

0
j/n =

X
i

X
j 6=i

X
k/∈{i,j}

ziPikσ̇
2
kPkjz

0
j/n

=
X
i

X
j 6=i

ÃX
k

ziPikσ̇
2
kPkjz

0
j − ziPiiσ̇

2
i Pijz

0
j − ziPijσ̇

2
jPjjz

0
j

!
/n

= (
X
k

z̄kσ̇
2
kz̄
0
k −

X
i,k

P 2ikziz
0
iσ̇
2
k −

X
i

ziPiiσ̇
2
i z̄
0
i +

X
i

ziPiiσ̇
2
i Piiz

0
i

−
X
j

z̄jσ̇
2
jPjjz

0
j +

X
i

zjPjjσ̇
2
jPjjz

0
j)/n

=
X
i

σ̇2i

³
z̄iz̄

0
i − Piiziz̄

0
i − Piiz̄iz

0
i + P 2iiziz

0
i

´
/n−

X
i6=j

P 2ijziz
0
iσ̇
2
j/n.

Also, as shown above, Assumption 4 implies that
P

i kzi − z̄ik2 /n ≤ z0(I − P )z/n −→ 0. Then by

σ̇2i and Pii bounded we have°°°°°X
i

σ̇2i (z̄iz̄
0
i − ziz

0
i)/n

°°°°° ≤ X
i

σ̇2i (2 kzik kzi − z̄ik+ kzi − z̄ik2)/n

≤ C(
X
i

kzik2 /n)1/2(
X
i

kzi − z̄ik2 /n)1/2 + C
X
i

kzi − z̄ik2 /n −→ 0,°°°°°X
i

σ̇2i Pii(ziz̄
0
i − ziz

0
i)/n

°°°°° ≤ (
X
i

σ̇4i P
2
ii kzik2 /n)1/2(

X
i

kzi − z̄ik2 /n)1/2 −→ 0.

It follows that

X
i6=j 6=k

ziPikσ̇
2
kPkjz

0
j/n =

X
i

σ̇2i (1− Pii)
2ziz

0
i/n+ o(1)−

X
i6=j

P 2ijziz
0
iσ̇
2
j/n.
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It then follows by Lemmas A7 and A8 and the triangle inequality that

Σ̂1 + Σ̂2 =
X

i6=j 6=k
ziPikσ̇

2
kPkjz

0
j/n+

X
i6=j

P 2ijziz
0
iσ̇
2
j /n

+S−1n
X
i6=j

P 2ij

³
E[UiU

0
i ]σ̇

2
j +E[Uiξi]E[ξjU

0
j ]
´
S−10n + op(1) + op(K/rn)

=
X
i

σ̇2i (1− Pii)
2ziz

0
i/n

+S−1n
X
i6=j

P 2ij

³
E[UiU

0
i ]σ̇

2
j +E[Uiξi]E[ξjU

0
j ]
´
S−10n + op(1) + op(K/rn).

Then for JIV1, where ξi = εi/(1− Pii) and σ̇2i = σ2i /(1− Pii)
2, we have

Σ̂1 + Σ̂2 = Ω̄n + Ψ̄n + op(1) + op(K/rn).

For JIV2, where ξi = εi and σ̇2i = σ2i , we have

Σ̂1 + Σ̂2 = Ωn +Ψn + op(1) + op(K/rn).

Consider the case where K/rn is bounded, implying op(K/rn) = op(1). Then by boundedness

of H̄−1
n , Ω̄n + Ψ̄n, H

−1
n , and Ωn +Ψn,

S0nṼ Sn =
³
S−1n H̃S−10n

´−1 ³
Σ̂1 + Σ̂2

´³
S−1n H̃ 0S−10n

´−1
=

³
H̄−1
n + op(1)

´ ¡
Ω̄n + Ψ̄n + op(1)

¢ ³
H̄−1
n + op(1)

´
= V̄n + op(1).

S0nV̂ Sn = Vn + op(1),

giving the first conclusion.

Next, consider the case where K/rn −→ ∞. Then for JIV1, where ξi = εi/(1 − Pii) and

σ̇2i = σ2i /(1− Pii)
2, boundedness of Ω̄n in n implies we have

(rn/K)
³
Σ̂1 + Σ̂2

´
= (rn/K)Ω̄n + (rn/K)Ψ̄n + (rn/K)op(1) + op(1)

= (rn/K)Ψ̄n + op(1).

For JIV2, where ξi = εi and σ̇2i = σ2i , we have

(rn/K)
³
Σ̂1 + Σ̂2

´
= (rn/K)Ωn + (rn/K)Ψn + (rn/K)op(1) + op(1)

= (rn/K)Ψn + op(1).
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Then by boundedness of H̄−1
n , (r/Kn)Ψ̄n, H

−1
n , and (r/Kn)Ψn,

S0nṼ Sn =
³
S−1n H̃S−10n

´−1 ³
Σ̂1 + Σ̂2

´ ³
S−1n H̃ 0S−10n

´−1
=

³
H̄−1
n + op(1)

´ ¡
rnΨ̄n/Kn + op(1)

¢ ³
H̄−1
n + op(1)

´
= V̄ ∗n + op(1).

S0nV̂ Sn = V ∗n + op(1),

giving the second conclusion. Q.E.D.

Proof of Theorem 5: An expansion gives

a(δ̂)− a(δ0) = Ā(δ̂ − δ0)

for Ā = ∂a(δ̄)/∂δ where δ̄ lies on the line joining δ̂ and δ0 and actually differs from element to

element of a(δ). It follows by δ̂
p−→ δ0 that δ̄

p−→ δ0, so that by condition iii), BnÂS
−10
n =

BnAS
−10
n + op(1). Then multiplying by Bn and using the conclusion of Theorem 4 we have

³
ÂV̂ Â0

´−1/2 h
a(δ̂)− a (δ0)

i
=

³
BnÂS

−10
n S0nV̂ SnS

−1
n Â0B0n

´−1/2
BnĀS

−10
n S0n

³
δ̂ − δ0

´
=

h³
BnAS

−1
n + op(1)

´ ¡
V̄n + op(1)

¢ ³
S−10n AB0n + op(1)

´i−1/2
×
³
BnAS

−10
n + op(1)

´
S0n
³
δ̂ − δ0

´
=

³
BnAS

−1
n V̄nS

−10
n A0B0n

´−1/2
BnAS

−10
n S0n

³
δ̂ − δ0

´
+ op(1)

=
³
BnAS

−1
n V̄nS

−10
n A0B0n

´−1/2
BnAS

−1
n V̄ 1/2n V̄ −1/2n S0n

³
δ̂ − δ0

´
+ op(1)

=
¡
FnF

0
n

¢−1/2
FnȲn + op(1)

for Fn = BnAS
−1
n V̄

1/2
n and Ȳn−V̄ −1/2n S0n (δ − δ0) . By Theorem 2, Ȳn

d→ N(0, IG). Then since Ln =

(FnF
0
n)
−1/2Fn satisfies LnL

0
n = I, it follows from the Slutzky Theorem and standard convergence

in distribution results that

³
ÂV̂ Â

´−1/2 h
a(δ̂)− a(δ0)

i
= LnȲn + op(1)

d→ N(0, I),

giving the conclusion. Q.E.D.

Proof of Corollary 6: Let a(δ) = c0δ, so that Ā = A = c0. Note that condition i) of Theorem

5 is satisfied. Let Bn = bn. Then BnAS
−10
n = bnc

0S−10n is bounded by hypothesis so condition ii)
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of Theorem 5 is satisfied. Also, Bn(Ā − A)S−10n = 0 so condition iii) of Theorem 5 is satisfied.

If K/rn is bounded then by hypothesis, λmin(BnAS
−10
n V̄nS

−1
n A0B0n) = b2nc

0S−10n V̄nS
−1
n c ≥ C or if

K/rn −→ ∞ then λmin(BnAS
−10
n V̄ ∗nS−1n A0B0n) = b2nc

0S−10n V̄ ∗nS−1n c ≥ C, giving the first conclusion.

The second conclusion follows similarly. Q.E.D.

6 Appendix B - Proofs of Lemmas A2 and A4

We first give a series of Lemmas that will be useful for the proofs of Lemmas A2 and A4.

Lemma B1: For any subset I2 of the set
n
(i, j)ni,j=1

o
and any subset I3 of

n
(i, j, k)ni,j,k=1

o
,

for all n with probability one as n→∞. (a)
P
I2
P 4ij ≤ K; (b)

P
I3
P 2ijP

2
jk ≤ K; and (c) for constants

{āi, b̄i, c̄i}ni=1 ,
¯̄̄̄
¯PI3 P 2ijPikPjkāib̄j c̄k

¯̄̄̄
¯ ≤ Kmaxi≤n |āi|maxi≤n

¯̄
b̄j
¯̄
maxi≤n |ci|.

Proof: By Assumption 2, Z 0Z is nonsingular with probability one for n sufficiently large. Also,

by P idempotent, rank(P ) = tr(P ) = K, 0 ≤ Pii ≤ 1, and
nP

j=1
P 2ij = Pii. Therefore, for Dn =

maxi≤n |āi|maxi≤n
¯̄
b̄i
¯̄
maxi≤n |c̄i|,
X
I2

P 4ij ≤
nX

i,j=1

P 4ij ≤
nX

i,j=1

P 2ij =
nX
i=1

Pii = K,

X
I3

P 2ijP
2
jk ≤

nX
i,j,k=1

P 2ijP
2
jk =

nX
j=1

Ã
nX
i=1

P 2ij

!Ã
nX

k=1

P 2jk

!

=
nX

j=1

P 2jj ≤
nX

j=1

Pjj = K,

¯̄̄̄
¯̄X
I3

P 2ijPikPjkāib̄j c̄k

¯̄̄̄
¯̄ ≤ Dn

X
i,j

P 2ij
X
k

|PikPjk| ≤ Dn

X
i,j

P 2ij

sX
k

P 2ik

sX
k

P 2jk

≤ Dn

X
i,j

P 2ij

q
PiiPjj ≤ Dn

X
i,j

P 2ij = DnK.Q.E.D.

For the next result let Sn =
P

i <j<k<l
(PikPjkPilPjl + PijPjkPilPkl + PijPikPjlPkl) .

Lemma B2: If Assumption 2 is satisfied then for D = diag(P11, ..., Pnn), a) tr
h
(P −D)4

i
≤

CK; b)

¯̄̄̄
¯ P
i<j<k<l

PikPjkPilPjl

¯̄̄̄
¯ ≤ CK, and c) |Sn| ≤ CK.
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Proof: To show part (a), note that

(P −D)4 = (P − PD −DP +D2)2 = P − PD − PDP + PD2 − PDP + PDPD + PD2P − PD3

−DP +DPD +DPDP −DPD2 +D2P −D2PD −D3P +D4.

Note that tr(A0) = tr(A) and tr(AB) = tr(BA) for any square matrices A and B. ThenD

tr
h
(P −D)4

i
= tr(P )− 4tr(PD) + 4tr(PD2) + 2tr(PDPD)− 4tr(PD3) + tr(D4).

By 0 ≤ Pii ≤ 1 we have Dj ≤ I for any integer and tr(PDj) = tr(PDjP ) ≤ tr(P ) = K. Also,

tr(PDPD) = tr(PDPDP ) ≤ tr(PD2P ) ≤ tr(P ) = K and tr(D4) =
P

i P
4
ii ≤ K. Therefore, by T

we have ¯̄̄
tr
h
(P −D)4

i¯̄̄
≤ 16K,

giving conclusion a).

Next, let Lij = Pij1(i > j) be the matrix that is the lower triangle of P and zeros elsewhere.

Then P = L+ L0 +D so

(P −D)4 = (L+ L0)4 = (L2 + LL0 + L0L+ L02)2

= L4 + L2LL0 + L2L0L+ L2L02 + LL0L2 + LL0LL0 + LL0L0L+ LL03

+L0LL2 + L0LLL0 + L0LL0L+ L0LL02 + L02L2 + L02LL0 + L02L0L+ L04

Note that for an integer j; [(L0)j ]0 = Lj . Then using tr(AB) = tr(BA) and tr(A0) = tr(A),

tr((P −D)4) = 2 tr(L4) + 8 tr(L3L0) + 4 tr(L2L02)

+2 tr(L0LL0L)

Next, compute each of the terms. Note that

tr(L4) =
X
i,j,k,c

Pij1(i > j)Pjk1(j > k)Pk,c1(k > c)Pc,i1(c > i) = 0.

tr(L3L0) =
X
i,j,k,c

Pij1(i > j)Pjk1(j > k)Pkc1(k > c)Pci1(i > c) =
X

i>j>k>c

PijPjkPkcPci

=
X

c<k<j<i

PijPjkPkcPci =
X

i<j<k<c

PckPkjPjiPic =
X

i<j<k<c

PijPjkPkcPci
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tr
³
L2L02

´
=

X
i,j,k,c

Pij1(i > j)Pjk1(j > k)Pkc1(c > k)Pci1(i > c) =
X

i>j>k,i>c>k

PijPjkPkcPci

=
X

i>j=c>k

PijPjkPkcPci +
X

i>j>c>k

PijPjkPkcPci +
X

i>c>j>k

PijPjkPkcPci

=
X

i>j>k

PijPjkPkjPji +
X

i<j<k<c

(PckPkiPijPjc + PcjPjiPikPkc)

=
X

i<j<k

P 2ijP
2
jk + 2

X
i<j<k<c

PikPkcPcjPji

tr(LL0LL0) =
X
i,j,k,c

Pij1(i > j)Pjk(k > j)Pkc1(k > c)Pci1(i > c)

=
X
j<i

PijPjiPijPji +
X

j<k<i

PijPjkPkjPji +
X

j<i<k

PijPjkPkjPji +
X
j<c<i

PijPjiPicPci

+
X
c<j<i

PijPjiPicPci +

⎛⎝ X
c<j<k<i

+
X

j<c<k<i

+
X

c<j<i<k

+
X

j<c<i<k

⎞⎠PijPjkPkcPci

=
X
i<j

P 4ij + 2
X

i<j<k

³
P 2ijP

2
ik + P 2ikP

2
jk

´
+ 4

X
i<j<k<c

PikPkjPjcPci

Summing up gives the result

tr((P −D)4) = 2
X
i<j

P 4ij + 4
X

i<j<k

(P 2ijP
2
jk + P 2ikP

2
jk + P 2ijP

2
ik) + 8Sn.

Then by the triangle inequality and Lemma B1 we have

|Sn| ≤ (1/4)
X
i<j

P 4ij + 1/2
X

i<j<k

(P 2ijP
2
jk + P 2ikP

2
jk + P 2ijP

2
ik) + (1/8) tr((P −D)4) ≤ CK,

giving part c). That is, Sn = O(K).

To show part (b), take {εi} to be a sequence of i.i.d. random variables with mean 0 and variance
1 and where εi and Z are independent for all i and n. Define the random quantities

∆1 =
X

i < j < k

[PijPikεjεk + PijPjkεiεk + PikPjkεiεj ] ,

∆2 =
X

i < j < k

[PijPikεjεk + PijPjkεiεk] ,∆3 =
X

i < j < k

PikPjkεiεj .

Note that by Lemma A1,

E
h
∆23

i
= E[

X
i<j<k

PikPjkεiεj
X

c<m<q

PcqPmqεcεm]

=
X

i<j<{k,c}
PikPjkPicPjc =

X
i<j<k

(Pik)
2 (Pjk)

2 + 2
X

i<j<k<c

PikPjkPicPjc

= O(K) + 2
X

i<j<k<c

PikPjkPicPjc.
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Also, note that

E [∆2∆3] = E[
X
i<j<k

(PijPikεjεk + PijPjkεiεk)
X

c<m<q

PcqPmqεcεm]

=
X

i< j<k<c

PijPikPjcPkc +
X

i<j<k<c

PijPjkPicPkc,

and

E
³
∆22

´
= E[

⎛⎝ X
i<j<k

PijPikεjεk + PijPjkεiεk

⎞⎠×
⎛⎝ X

c<m<q

PcmPcqεmεq + PcmPmqεcεq

⎞⎠]
=

X
{i,c}<j<k

PijPikPcjPck +
X

i<{j,m}<k
PijPjkPimPmk

+
X

i<j<m<k

PijPikPjmPmk +
X

c<i<j<k

PijPjkPciPck

=
X

i<j<k

P 2ijP
2
ik +

X
i<j<k

P 2ijP
2
jk + 2

X
i<c<j<k

PijPikPcjPck + 2
X

i<j<m<k

PijPjkPimPmk

+
X

i<j<k<c

PijPicPjkPkc +
X

i<j<k<c

PjkPkcPijPic

=
X

i<j<k

P 2ijP
2
ik +

X
i<j<k

P 2ijP
2
jk + 2Sn = O(K).

Since ∆1 = ∆2 +∆3, it follows that

E[∆21] = E[∆22] +E[∆23] + 2E[∆2∆3] = O(K) + 2Sn = O(K).

Therefore, by T, the expression for E[∆23] given above, and ∆3 = ∆1 −∆2,¯̄̄̄
¯̄ X
i<j<k<c

PikPjkPicPjc

¯̄̄̄
¯̄ ≤ E[∆23] +O(K) ≤ E[(∆1 −∆2)2] +O(K)

≤ 2E[∆21] + 2E[∆
2
2] +O(K) ≤ O(K).Q.E.D.

Lemma B3: Let L be the lower triangular matrix with Lij = Pij1(i > j). Then, under Assumption

2, kLL0k ≤ C
√
K as n→∞, where kAk = [Tr (A0A)] 12 .

Proof: From the proof of Lemma B2 and by Lemma B1 and Lemma B2 b) we have

°°LL0°°2 = tr(LL0LL0) =
X
i<j

P 4ij + 2
X

i<j<k

³
P 2ijP

2
ik + P 2ikP

2
jk

´
+ 4

X
i<j<k<c

PikPkjPjcPci

≤ C(K +

¯̄̄̄
¯̄ X
i<j<k<c

PikPkjPjcPci

¯̄̄̄
¯̄) ≤ CK.
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Taking square roorts gives the answer. Q.E.D.

Proof of Lemma A2: Let b1n = c1nΞ
−1/2
n and b2n = c2nΞ

−1/2
n , and note that these are

bounded in n since Ξn is bounded away from zero by hypothesis. Let wtn = b01nWtn and ui = b02nUi,

where we suppress the n subscript on ui for notational convenience. Then

Yn = w1n +
nX
i=2

yin, yin = win + ȳin, ȳin =
X
j<i

(ujPijεi + uiPijεj)/
√
K.

Also, E[kw1nk4] ≤PiE[kwink4] ≤ C
P

iE[kWink4] −→ 0, so that w1n
p−→ 0. Hence

Yn =
nX
i=2

yin + op(1).

Note that yin is a martingale difference, so that we can apply the martingale central limit theorem.

Note also that E[winȳjn] = 0, for all i and j and that

E[(ȳin)
2] =

X
j<i

X
k<i

E[(ujPijεi + uiPijεj)(ukPikεi + uiPikεk)]/K

=
X
j<i

P 2ij(E[u
2
j ]E[ε

2
i ] +E[u2i ]E[ε

2
j ] + 2E[uiεi]E[ujεj ])/K.

Thus,

s2n = E

⎡⎣Ã nX
i=2

yin

!2⎤⎦ = nX
i=2

(E[w2in] +E
h
ȳ2in

i
)

= b01nDnb1n −E[w21n] +
X
i6=j

P 2ij(E[u
2
j ]E[ε

2
i ] +E[uiεi]E[ujεj ])/K

= b01nDnb1n + b02nΣ̄nb2n + o(1) = 1 + o(1) −→ 1.

Thus, s2n is bounded and bounded away from zero. Also,

X
i=2

E[y4in] ≤ C
nX
i=2

E[kWink4] + C
nX
i=2

E
h
ȳ4in

i
.

By condition iv),
Pn

i=2E[kWink4] −→ 0. Let ȳεin =
P

j<i ujPijεi/
√
n and ȳuin =

P
j<i uiPijεj/

√
K.

By |Pij | < 1 and Pj P
2
ij = Pii,

nX
i=2

E
h
(ȳεin)

4
i
≤ C

K2

nX
i=2

X
j,k,c,m<i

PijPikPicPimE[ε
4
i ]E[ujukucum]

≤ C

K2

nX
i=2

⎛⎝X
j<i

P 4ij +
X
j,k<i

P 2ijP
2
ik

⎞⎠ ≤ CK/K2 −→ 0.
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Similarly we have
Pn

i=2E
h
(ȳuin)

4
i
−→ 0, so that

nX
i=2

E[ȳ4in] ≤ C
nX
i=2

n
E
h
(ȳεin)

4
i
+E

h
(ȳuin)

4
io
−→ 0.

Then by T we have
nX
i=2

E[y4in] −→ 0.

To apply the martingale central limit theorem it now suffices to show that for Zi = (Win, Ui, εi),

nX
i=2

E[y2in | Z1, ..., Zi−1]− s2n
p−→ 0. (2)

Note first that by independence of W1n, ...,Wnn,

E[w2in | Z1, ..., Zi−1] = E[w2in].

Also, E [winȳin] = 0 and

E [winȳin | Z1, ..., Zi−1] = E[winui]
X
j<i

Pijεj/
√
K +E[winεi]

X
j<i

Pijuj/
√
K.

Let δi = E[winui] and consider the first term, δi
P

j<i Pijεj/
√
K. Let P̄ be the upper trian-

gular matrix with P̄ij = Pij for j > i and P̄ij = 0, j ≤ i, and let δ = (δ1, ..., δn). Then,Pn
i=2

P
j<i δiPijεj/

√
K = δ0P̄ 0ε/

√
K. By CS δ0δ =

Pn
i=1 (E [winui])

2 ≤ Pn
i=1E[w

2
in]E[u

2
i ] ≤ C.

By Lemma B3,
°°P̄ 0P̄°° ≤ √K. It then follows given E[u2j ] ≤ C that

E[(δ0P̄ 0ε/
√
K)2] ≤ Cδ0P̄ 0P̄ δ/K ≤ C kδk2 °°P̄ 0P̄°° /K ≤ C

√
K/K −→ 0,

so that δ0P̄ 0ε/
√
K

P−→ 0 by M. Similarly, we have
Pn

i=2E[winui]
P

j<i Pijεj/
√
K −→ 0. Therefore,

it follows by T that
Pn

i=2E [winȳin | Z1, ..., Zi−1]
p−→ 0.To finish showing that eq. (2) is satisfied it

only remains to show that

nX
i=2

³
E
h
ȳ2in | Z1, ..., Zi−1

i
−E[ȳ2in]

´
p−→ 0. (3)

Now, let σ2i = E[ε2i ], ω
2
i = ω2in = E[u2i ], and γi = γin = E[uiεi], where again we suppress the
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subscript n on ω2i and γi when doing so is not likely to lead to confusion. We can write

nX
i=2

³
E
h
ȳ2in | Z1, ..., Zi−1

i
−E[ȳ2in]

´
=

X
j<i

ω2i P
2
ij(ε

2
j − σ2j )/K + 2

X
j<k<i

ω2i PijPikεjεk/K

+
X
j<i

σ2i P
2
ij(u

2
j − ω2j )/K + 2

X
j<k<i

σ2i PijPikujuk/K

+2
X
j<i

γiP
2
ij(ujεj − γj)/K + 2

X
j<k<i

γiPijPik(ujεk + ukεj)/K.

Note first that by Lemma B1,

E

⎡⎢⎣
⎛⎝X
j<i

γiP
2
ij(ujεj − γj)/K

⎞⎠2
⎤⎥⎦ =X

j<i

X
c<k

γiP
2
ijγkP

2
kcE [(ujεj − γj) (ucεc − γc)] /K

2

=
X

j<i,j<k

γiP
2
ijγkP

2
kjE

h
(ujεj − γj)

2
i
/K2 ≤ C

X
j<i,j<k

P 2ijP
2
kj/K

2 ≤ CK

K2
−→ 0.

Similar arguments can also be applied to show that

E

⎡⎢⎣
⎛⎝X
j<i

ω2i P
2
ij(ε

2
j − σ2j )/K

⎞⎠2
⎤⎥⎦ −→ 0, E

⎡⎢⎣
⎛⎝X
j<i

σ2i P
2
ij(u

2
j − ω2j )/K

⎞⎠2
⎤⎥⎦ −→ 0.

Next, it follows by Lemma ?? that

E

⎡⎢⎣
⎛⎝ X
j<k<i

γiPijPikujεk/K

⎞⎠2
⎤⎥⎦ −→ 0,

and similarly that all of the remaining terms in eq. (4) converge to zero in mean square, so that

the conclusion follows by the martingale central limit theorem. Q.E.D.
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Proof of Lemma A4: Let w̄i = E[Wi], W̃i = Wi − w̄i, ȳi = E[Yi], Ỹi = Wi − w̄i, η̄i = E[ηi],

η̃i = ηi − η̄i,

μ̄2W = max
i≤n

w̄2i ≤ C/n, μ̄2Y = max
i≤n

ȳ2i ≤ C/n, μ̄2η = max
i≤n

η̄2i ≤ C,

σ̄2W = max
i ≤ n

V ar(Wi) ≤ C/rn, σ̄
2
Y = max

i ≤ n
V ar(Yi) ≤ C/rn, σ̄

2
η = max

i ≤ n
V ar(ηi) ≤ C.

Also, let

y̆i =
X
j

Pij ȳj , w̆i =
X
j

Pijw̄j ,

be predicted values from projecting ȳ and w̄ on P, and note that

X
i

y̆2i ≤
X
i

ȳ2i ≤ C,
X
i

w̆2i ≤
X
i

w̄2i ≤ C.

By independent observations we have

An =
X
i6=j

X
k/∈{i,j}

w̄iPikη̄kPkj ȳj =
X
i6=j

X
k

w̄iPikη̄kPkj ȳj −
X
i6=j

w̄iPiiη̄iPij ȳj −
X
i6=j

w̄iPij η̄jPjj ȳj

=
X
k

w̆kη̄ky̆k −
X
i,k

w̄iȳiP
2
ikη̄k −

X
i

w̄iPiiη̄iy̆i −
X
i

w̆iPiiη̄iȳi + 2
X
i

w̄iȳiP
2
iiη̄i.

By CS, ¯̄̄̄
¯X
k

w̆kη̄ky̆k

¯̄̄̄
¯ ≤

sX
k

w̆2k

sX
k

η̄2ky̆
2
k ≤ C

sX
k

w̆2k

sX
k

y̆2k ≤ C,

¯̄̄̄
¯X
i

w̄iPiiη̄iy̆i

¯̄̄̄
¯ ≤

sX
i

w̄2iP
2
iiη̄

2
i

sX
i

y̆2i ≤ C

sX
i

w̄2i

sX
i

y̆2i ≤ C,

and it follows similarly that
P

i w̆iPiiη̄iȳi is bounded. By Lemma B1,¯̄̄̄
¯̄X
i,k

w̄iȳiP
2
ikη̄k

¯̄̄̄
¯̄ ≤ Cn−1

¯̄̄̄
¯̄X
i,k

P 2ik

¯̄̄̄
¯̄ ≤ CK/n ≤ C.

Also,
¯̄P

i w̄iȳiP
2
iiη̄i

¯̄ ≤ Cn/n = C. Thus, |An| ≤ C holds by T.

Next, note that

WiPikηkPkjYj = W̃iPikηkPkjYj + w̄iPikηkPkjYj

= W̃iPikη̃kPkjYj + W̃iPikη̄kPkjYj + w̄iPikη̃kPkjYj + w̄iPikη̄kPkjYj

= W̃iPikη̃kPkjỸj + W̃iPikη̃kPkj ȳj + W̃iPikη̄kPkjỸj + W̃iPikη̄kPkj ȳj

+w̄iPikη̃kPkjỸj + w̄iPikη̃kPkj ȳj + w̄iPikη̄kPkjỸj + w̄iPikη̄kPkj ȳj .
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Summing and subtracting the last term gives

X
i6=j 6=k

WiPikηkPkjYj −An =
7X

r=1

ψ̂r,

wherer

ψ̂1 =
X

i6=j 6=k
W̃iPikη̃kPkjỸj , ψ̂2 =

X
i6=j 6=k

W̃iPikη̃kPkj ȳj , ψ̂3 =
X

i6=j 6=k
W̃iPikη̄kPkjỸj ,

ψ̂4 =
X

i6=j 6=k
W̃iPikη̄kPkj ȳj , ψ̂5 =

X
i6=j 6=k

w̄iPikη̃kPkjỸj , ψ̂6 =
X

i6=j 6=k
w̄iPikη̃kPkj ȳj ,

and ψ̂7 =
P

i6=j 6=k w̄iPikη̄kPkjỸj . By T the second conclusion will follow from ψ̂r
p−→ 0, (r = 1, ..., 7).

Also, note that ψ̂7 is the same as ψ̂4 and ψ̂5 is the same as ψ̂2 with the random variables W and

Y interchanged. Since the conditions on W and Y are symmetric it suffices to show that ψ̂r
p−→ 0,

r ∈ {1, 2, 3, 4, 6}.
Consider now ψ̂1. Note that for i 6= j 6= k and r 6= s 6= t we haveE[W̃iPikη̃kPkjỸjW̃rPrsη̃sPstỸt] =

0 except when the each of the three indices i, j, k is equal to one of the three indices r, s, t. There

are six ways this can happen leading to six terms in

E[ψ̂21] =
X

i 6=j 6=k

X
r 6=s6=t

E[W̃iPikη̃kPkjỸj ãrPrsη̃sPstỸt] =
6X

q=1

τ̂q.

Note that by hypothesis, σ̄2W σ̄2ησ̄
2
YK ≤ Cr−2n K −→ 0. By Lemma B1, we have

|τ̂1| =
X

i6=j 6=k
E[(W̃iPikη̃kPkjỸj)

2] =
X

i6=j 6=k
E[W̃ 2

i ]P
2
ikE[η̃

2
k]P

2
kjE[Ỹ

2
j ] ≤ σ̄2W σ̄2ησ̄

2
YK −→ 0.

Similarly, by CS,

|τ̂3| =

¯̄̄̄
¯̄ X
i6=j 6=k

E[(W̃iPikη̃kPkjỸj)(W̃jPjkη̃kPkiỸi)]

¯̄̄̄
¯̄ =

¯̄̄̄
¯̄ X
i6=j 6=k

E[W̃iỸi]E[W̃jỸj ]E[η̃
2
k]P

2
ikP

2
kj

¯̄̄̄
¯̄

≤ σ2W σ̄2ησ̄
2
YK −→ 0.

Next, by Lemma B1 and CS

|τ̂2| =

¯̄̄̄
¯̄ X
i6=j 6=k

E[(W̃iPikη̃kPkjỸj)(W̃iPij η̃jPjkỸk)]

¯̄̄̄
¯̄ =

¯̄̄̄
¯̄ X
i6=j 6=k

E[W̃ 2
i ]E[η̃kỸk]E[η̃jỸj ]PikPijP

2
jk

¯̄̄̄
¯̄

≤ σ̄2W σ̄2ησ̄
2
YK −→ 0.
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Similarly,

|τ̂4| =

¯̄̄̄
¯̄ X
i6=j 6=k

E[(W̃iPikη̃kPkjỸj)(W̃jPjiη̃iPikỸk)]

¯̄̄̄
¯̄ =

¯̄̄̄
¯̄ X
i6=j 6=k

E[W̃iη̃i]E[W̃jỸj ]E[η̃kỸk]P
2
ikPkjPji

¯̄̄̄
¯̄

≤ σ̄2W σ̄2ησ̄
2
YK −→ 0,

|τ̂5| =

¯̄̄̄
¯̄ X
i6=j 6=k

E[(W̃iPikη̃kPkjỸj)(W̃kPkiη̃iPijỸj)]

¯̄̄̄
¯̄ =

¯̄̄̄
¯̄ X
i6=j 6=k

E[W̃iη̃i]E[Ỹ
2
j ]E[W̃kη̃k]P

2
ikPkjPji

¯̄̄̄
¯̄

≤ σ̄2W σ̄2ησ̄
2
YK −→ 0,

|τ̂6| =

¯̄̄̄
¯̄ X
i6=j 6=k

E[(W̃iPikη̃kPkjỸj)(W̃kPkj η̃jPjiỸi)]

¯̄̄̄
¯̄ =

¯̄̄̄
¯̄ X
i6=j 6=k

E[W̃iỸi]E[η̃jỸj ]E[W̃kη̃k]P
2
jkPijPik

¯̄̄̄
¯̄

≤ σ̄2W σ̄2ησ̄
2
YK −→ 0.

The triangle inequality then gives E[ψ̂21] −→ 0, so ψ̂21
p−→ 0 holds by M.

Consider now ψ̂2.Note that for i 6= j 6= k and r 6= s 6= t we have E[W̃iPikη̃kPkj ȳjW̃rPrsη̃sPstȳt] =

0 except when i = r and j = s or i = s and j = r. Then by (A+B + C)2 ≤ 3(A2 +B2 + C2) and

for fixed k,
P

i6=k P 2ik ≤ Pkk,
P

i6=k P 4ik ≤ Pkk, it follows that

X
i6=k

P 2ik

⎛⎝ X
j /∈{i,k}

Pkj ȳj

⎞⎠2 ≤ 3
X
i6=k

P 2ik

³
y̆2k + P 2kiȳ

2
i + P 2kkȳ

2
k

´

≤ 3

ÃX
k

Pkk
³
y̆2k + 2ȳ

2
k

´!
≤ 3

ÃX
k

y̆2k + 2
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⎞⎠⎛⎝ X
j /∈{i,k}

Pij ȳj
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⎞⎠2 ≤ C/rn −→ 0.
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34



Consider ψ̂3. Note that for i 6= j 6= k and r 6= s 6= t we have E[W̃iPikη̄kPkjỸjW̃rPrsη̄sPstỸt] = 0

except when i = r and j = t or i = t and j = r. Thus,
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Also, by Lemma B1,
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From the previous expression for E[ψ̂23] we then have
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Then ψ̂3
p−→ 0 by M.

Next, consider ψ̂4.Note that for i 6= j 6= k and r 6= s 6= t we haveE[W̃iPikη̄kPkj ȳjW̃rPrsη̄sPstȳt] =
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Note that for i 6= j,
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Then using the fact that (
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2
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p−→ 0 by M.

Next, consider ψ̂6. Note that for i 6= k,
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36



Then for fixed k,
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ikȳi − w̆iPkkȳk − w̄kPkky̆k + 2w̄kP

2
kkȳk
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Then we have E[ψ̂26] −→ 0, so that
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