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1 Introduction

It has long been known that the two-stage least squares (25LS) estimator is biased with many
instruments (see e.g. Sawa (1969), Phillips (1983), and the references cited therein). Due in large
part to this problem, various approaches have been proposed in the literature for reducing the bias
of the 25 LS estimator. In recent years there has been interest in developing procedures based on
using “delete-one” fitted values in lieu of the usual first-stage OLS fitted values, as the instruments
employed in second stage estimation. A number of different versions of these estimators, referred to
as jackknife instrumental variables (JIV') estimators, have been proposed and analyzed by Phillips
and Hale (1977), Angrist, Imbens, and Krueger (1999), Blomquist and Dahlberg (1999), Ackerberg
and Deveraux (2003), Davidson and MacKinnon (2006), and Hausman, Newey, Woutersen, Chao,
and Swanson (2007).

The JIV estimators are consistent with many instruments and heteroskedasticity of unknown
form while other estimators, including the limited information maximum likelihood (LIML) and
bias corrected 2SLS (B2SLS) estimators are not; see Bekker and van der Ploeg (2005), Ackerberg
and Deveraux (2003), Chao and Swanson (2003), and Hasuman et. al. (2007). The main objective
of this paper is to develop asymptotic theory for the JIV estimators in a setting that includes
the many instrument sequence of Kunitomo (1980) and Bekker (1994) and the many instrument

sequence of Chao and Swanson (2005). To be precise we show that JIV estimators are consistent

VE,

and asymptotically normal when o

— 0, as n — oo, where K,, and r, denote, respectively, the
number of instruments and the rate of growth of the so-called concentration parameter. In contrast,

% — 0, as n — 00, meaning the number of
n

consistency of LIML and B2SLS generally requires
instruments is small relative to identification strength. We show that both the rate of convergence
of the JIV estimator and the form of its asymptotic covariance matrix depends on how weak the
available instruments are, as measured by the relative order of magnitude of r, vis-a-vis K,. We
also show consistency of standard errors under heteroskedasticity and many instruments.

In the process of showing asymptotic normality of JIV this paper gives a central limit for
quadratic forms with an idempotent matrix. This theorem that can be used to study estimators
other than JIV. For example, it has already been used in Hausman et. al. (2007) to derive the
asymptotic properties of jackknife versions of LIML and of the Fuller (1977) estimator that are

robust to heteroskedasticity and are as efficient as LIM L under homoskedasticity.



This paper is a revised version of Chao and Swanson (2004), where a central limit theorem was
first proved and consistent standard errors given. This version adds to Chao and Swanson (2004)
by allowing for the many instrument sequence of Kunitomo (1980), Morimune (1983) and Bekker
(1994) and giving a refined version of the central limit theorem.

The rest of the paper is organized as follows. Section 2 sets up the model and describes the
estimators and standard errors. Section 3 lays out the framework for the asymptotic theory and
presents the main results of our paper. Section 4 comments on the implications of these results.

and concludes. All proofs are gathered in an appendix.

2 The Model and Estimators

The model we consider is given by

= X 6
nzl n><GG>(<)1_*_w§<17
X = YT+U,

where n is the number of observations, G the number of right-hand side variables, T is a matrix
of observations on the reduced form, and U is the matrix of disturbance observations. For the
asymptotic approximations, the elements of T will be implicitly allowed to depend on n, although
we suppress dependence of T on n for notational convenience. Estimation of dy will be based on
a n X K matrix Z of instrumental variable observations with rank(Z) = K. We will assume that
Ele] =0 and E[U] = 0 conditional on (Y, Z).

This model allows for T to be a linear combination of Z, i.e. T = Z7 for some K X G matrix
w.  Furthermore, some columns of X may be exogenous, with the corresponding column of U
being zero. The model also allows for Z to approximate the reduced form. For example, let
X/, Y., and Z! denote the ith row (observation) for X, Y, and Z respectively. We could have
T; = fo(w;) be an vector of unknown functions of a vector w; of underlying instruments and
Z;i = (pix (wy), ..., pr i (w;))" for approximating functions pgx (w), such as power series or splines.
In this case linear combinations of Z; may approximate the unknown reduced form, e.g. as in
Donald and Newey (2001).

To describe the estimators, let P = Z(Z'2) 12" Let I_; = (Z'Z — Z;Z))"Y(Z'X — Z;X]) be

the reduced form coefficients obtained by regressing X on Z using all observations except the i‘".



The JIV estimator of Phillips and Hale (1977) is obtained as
n n
o=0"T,Zx))""> T Zy.
i=1 i=1
Using standard results on recursive residuals it follows that
M2 = (X'Z(2'2) 2 — PaX;) /(1 = Pa) = > Py X;/(1 = Py).
i
Then we have
0=H 'S X;Py(1-Py) 'y, H=> X;P;(1 - Pj;)'X].
i#] i#]
The JIV estimator proposed by Angrist and Imbens (1999), their JIVE2, has a similar form except
that II_; = (2'2)"Y(2'X — Z;X}) is used in place IT_;. It is given by
0=H"1Y X;Pjy;, H=> X;P;X].
i#j i#j
As we will show, these estimators are consistent and asymptotically normal under heteroskedas-
ticity when VK /mn, — 0, where 7, is proportional to the concentration parameter. In contrast,
consistency of LIML and Fuller (1977) requires K/r, — 0 when P;; is asymptotically correlated
with E[X;e;]/E[e?], as discussed in Chao and Swanson (2004) and Hausman et. al. (2007), as
does consistency of the bias corrected 2SLS estimator of Donald and Newey (2001), when Pj; is
asymptotically correlated with E[X;e;], as discussed in Ackerberg and Deveraux (2003). Thus, JIV
estimators are robust to heteroskedasticity and many instruments (K growing as fast as r,,) while
LIML, Fuller (1977), or bias corrected 2SLS estimators are not. The JIV estimators also have a
closed form and are thus computationally simple relative to the jackknife versions of LIML and
Fuller (1977) given in Hausman et. al. (2007), though they are not as efficient under homoskedas-
ticity and many weak instruments.
The form of variance estimator can be motivated by noting that, for { = (1 — Pii)*lsi, substi-
tuting y; = X/do + &; in the equation for é gives
0=2060+H 1Y XiPyg;. (1)
i#]
After appropriate normalization the matrix H1! will converge and a central limit theorem will
apply to >2,.; XiP;;§;. This will lead to a sandwich form for the asymptotic variance. Here H!

can be used to estimate the outside terms in the sandwich. The inside term, which is the variance



of > ;4; XiP;;€;, can be estimated by dropping terms that are zero from the variance, removing the
expectation, and replacing & by an estimate & = (1— PM-)_1 (yi — XZ’S) Using the independence
of the observations, E[e;] = 0, and the exclusion of the i = j terms in the double sums, it follows

that

B[y XiPy&i (3 XiPy&) 1= B} Y. PuPuXiXj&i + 3 PRX&XiE;).
i#]j i#j 4,3 k¢{i,j} i#]

By removing the expectation and replacing &; by §~Z we obtain
S =" > PuPuXiXj& 4+ PIXiGi X
5,5 k¢{i,j} i#]

The estimator of the asymptotic variance of § is then given by

This estimator is robust to heteroskedasticity in allowing Var(&;) to vary over i and E[Xg;] to
vary over .
An asymptotic variance estimator for § can be formed in an analogous way. Let &; = y; — X{g

and

=2 X PaPuXiXjEi+ > PyXidi Xjé).
i kt{ing) i

The variance estimator for é is given by

Here H is symmetric because P is symmetric, so that a transpose is not needed for the third matrix

~

inV.

3 Many Instrument Asymptotics

The asymptotic theory we give combines the many instrument asymptotics of Kunitomo (1980),
Mormune (1983), and Bekker (1994) with the many weak instrument asymptotics of Chao and
Swanson (2005). All our regularity conditions are conditional on (T, Z). To state the regularity
conditions let Z/,;, U/, and Y’ denote the i*" row of Z,¢,U, and T respectively.



Assumption 1: K = K,, — o0, Z includes among its columns a vector of ones, and there is
a positive constant C' < 1 such that for all n large enough with probability one rank(Z) = K and
Pii S C, (Z = 1, ,n)

The restriction that rank(Z) = K is a normalization that requires excluding redundant columns
from Z. It can be verified in particular cases. For instance, when w; is a continuously distributed
scalar, Z; = p® (w;), and prx (w) = w*~1 it can be shown that Z’Z is nonsingular with probability
one for K < n.! The condition P; < C < 1 implies that K/n < C, because K/n = Y1, P;;/n < C.

Let Amin(A) denote the smallest eigenvalue of a symmetric matrix A.

Assumption 2: There is a G x G matrix S, = S, diag (t1ny s bGn) and z; such that Y; =
Snzi/\/n, S,, is bounded and the smallest eigenvalue of S'nS';L is bounded away from zero, for each
J either pijn, = /n or pjn/v/n — 0, u, = lgljiélG,ujn — o0, and VK /u2 — 0. Also, there is
C > 0 such that with probability one ||>°1; 2zl /n|| < C and Amin (> zizi/n) > C.

Here r, = p2 can be interpeted as being proportional to the concentration parameter. For
instance, note that in the G = 1 case we have > ; T2 = y2 """ | 22/n, so by >."; 22 /n bounded
and bounded away from zero, >."; Y? will be proportional to p2. For r, = n we have asymptotic
theory like Kunitomo (1980), Morimune (1984), and Bekker (1994), where the number of instru-
ments K can grow as fast as the sample size. Allowing for K to grow and for r, to grow slower
than n models having many instruments without strong identification, as in Chao and Swanson
(2005). The general form of Assumption 2 allows for some components of the reduced form to give
only weak identification (corresponding to ijn//n — 0) and other components (corresponding
to pjn = \/n) to give strong identification. In particular, this condition allows for fixed constant
coefficients in the reduced form.

It is sensible to have conditions on the rate of growth of the concentration parameter since
the concentration parameter is a natural measure of instrument strength, as has been pointed out
by numerous authors, including Phillips (1983), Rothenberg (1983), and Stock and Yogo (2005a).
Assumption 2 stipulates that 7, must grow no faster than n but allows for r, to grow much more

slowly than n, as seems appropriate for modeling weak instruments.

1The observations w1, ..., wr are distinct with probability one and therefore, by K < n, cannot all be roots of a
K™ degree polynomial. It follows that for any nonzero a there must be some ¢ with a’Z; = a'p¥ (w;) # 0, implying

a'Z'Za > 0.



A fundamental rate condition is v K /1, — 0. This condition, formulated in Chao and Swanson
(2005), ensures that random part of H does not dominate the nonrandom part

is, it ensures that noise does not dominate signal for JIV estimators.

Assumption 3: There is constant C such that conditional on (Y, Z) the observations (1, U1), ..., (€n, Uy)

are independent with E[e;] = 0, E[U;] =0, E[e?] < C, E[|U;]|?] < C.

This hypothesis requires second conditional moments of disturbances to be bounded and uniform

nonsingularity of the variance of reduced form disturbances.
Assumption 4: There is 7, such that with probability one 3>, ||z; — 7m0 Zi||* /n — 0.

This condition allows an unknown reduced form that is approximated by a linear combination
of the instrumental variables.
We can easily interpret all these conditions in an important example of a linear model with

exogenous covariates and a possibly unknown reduced form. This example is given by

_ [ ™1Zui + pafo(wi)/v/n v; o Zhi
(T ) () A (A )

where Z3; is a G2 x 1 vector of included exogenous variables, fo(w) is a G — G5 dimensional vector
function of a fixed dimensional vector of exogenous variables w and p™ (w) = (P1x (W), ooy DR —Ga K (W)
The variables in X; other than Z;; are endogenous with reduced form 11 Z1; + pn fo(w;)/+/n. The
function fo(w) may be a linear combination of a subvector of p (w), in which case z; = mxnZ;
for some g, in Assumption 4 or it may be an unknown function that can be approximated by a
linear combination of p® (w). For p, = \/n this example is like the model in Donald and Newey
(2001) where Z; includes approximating functions for the optimal (asymptotic variance minimiz-
ing) instruments Y;, but the number of instruments can grow as fast as the sample size. When

p2/n — 0, it is a modified version where the model is more weakly identified.

To see precise conditions under which the assumptions are satisfied, let
W = . = I x
Zi = ( fOZ(I'l) ) 7Sn = Sndzag (,una ooy My \/T_Z’ ) \/ﬁ) >Sn = ( 0 Ill > .
‘A

By construction we have T; = S,,z;/y/n. Assumption 2 imposes the requirements that

n
Z z;zi/n is bounded and uniformly nonsingular.
i=1



The other requirements of Assumption 2 are satisfied by construction. Assumption 3 requires
conditional mean zero and bounded second moment for disturbances. For Assumption 4, let 7, =
[Thn> LGy, 0]'). Then Assumption 4 will be satisfied if there exists 7 gy, such that with probability

one

n n
Y oMz = wxaZillPn =Y | folwi) = T Zill?/n — 0.
i=1 =1

THEOREM 1: If Assumptions 1-4 are satisfied then ;1S (6 — &) == 0, 6 -2 8o, ;18! (6 —

(50) L 0, and 8 L (50.

The following additional condition is useful for asymptotic normality and consistency of the

asymptotic variance.

Assumption 5: There is C > 0 such that with probability one, Y%, ||z||* /n? — 0, E[e}] <
C, B[] < C

To give asymptotic normality results we need to describe the asymptotic variances. We will give
results that do not depend on convergence of various moment matrices, so we give the asymptotic

variances as a function of n (rather than as a limit). Let

H, = Zzz 2 /n, Q”*ZZZ

U, = S;'Y P ( [UiUlo3(1 — Py;) 2 + E[Uigi](1 — Py) ' Elg;Uj)(1 — ij)*l) S
7]
H, = Z (1 — Py)zizi/n, Qp = Z(l — Pii)gzizgo'?/n,
i=1 i=1
U, = S0 PE(EUU])0? + ElUie] Ble;U]) S7.
i#j

When K /r, is bounded the asymptotic variance of S’,(§ — &y) will be

Vo= H, Y Qy + 9,)H,
and the asymptotic variance of S/, (6 — &) will be
Vo = H, Y (Qn + U,)H,

To state the asymptotic normality results, let A2 denote a square root matrix for a positive

semi-definite matrix A, satisfying AY/2AY? = A. Also, for A nonsingular let A=1/2 = (Al/ -1



THEOREM 2: If Assumptions 1-5 are satisfied, a,? > C > 0 with probability one, and K/ry, is

bounded, then with probability one Vi, and V,, are nonsingular for large enough n and

V2805 — 80) < N(0, 1), Vi 2836 — 60) ~ N(0, I).

The convergence rate of the estimator is related to the size of .S,,. In a simple case where ¢ is a
scalar we can take S, = p, = /7. In this case the convergence rate of the estimator will simply be
1/\/rn when K/, is bounded. This rate, the inverse square root of the concentration parameter,
is the usual one for instrumental variables. This rate changes when K grows faster than ry,.

The rate of convergence in Theorem 2 corresponds to the rate found by Stock and Yogo (2005)
under homoskedasticity for LIML, Fuller’s modified LIML, and B2SLS, when r,, grows at the same
rate as K and slower than n.

The term ¥, in the asymptotic variance of § and the term ¥, in the asymptotic variance of
§ account for the presence of many instruments. The order of these terms is K/r,, so that if
K/r, — 0 these terms can be dropped without affecting the asymptotic variance. When K/r,, is
bounded but does not go to zero these terms have the same order as other terms and it is important
to account for their presence in the standard errors. If K/r,, — oo then these terms will dominate
and slow down the convergence rate of the estimators. When K/r,, — oo the asymptotic variance
of \/rnJKS!,(8 — o) will be
Vi=H, (r,/K)¥,H,*,

n

and the asymptotic variance of /7, /K S/, (6 — dg) will be

Vi =H, (r,/K)¥,H," .

n

When K/r, — oo the asymptotic variance matrices V¥ and V¥ may be singular, especially
when some components of X; are exogenous or when different identification strengths are present.
In order to allow for this singularity the asymptotic normality results are stated in terms of a linear

combination of the estimator. Let L,, be a sequence of ¢ x G matrices.

THEOREM 3: Suppose that Assumptions 1-5 are satisfied and K/r, — oo. If L, is bounded

and with probability one there is C' > 0 such that Amin (LnV;L;l) > C then

(Lo VL) 2 Ly frn ) K SL (3 — 60) -5 N(0, I,).



Also, if with probability one there is C > 0 such that Amin (L, V,FL!) > C then

LoV L) ™2 Lo frn | K SL (6 — 60) — N(0,T).

Here the convergence rate is related to the size of (/7,/K)S,. In a simple case where § is
a scalar we can take S, = ,/rp, giving a convergence rate of VK /1. Here the conclusion of the
theorem will be that (’I“n VK ) (6—80) is asymptotically normal. It is interesting that vK /r, — 0
is a condition for consistency in this setting as well as in the context of Theorem 1 above.

From Theorems 2 and 3 it is clear that the rates of convergence of both JIV estimators depend in
general on the strength of the available instruments as reflected in the relative orders of magnitude
of r,, vis-a-vis K. Note also that, whenever r, grows at a slower rate than n, the rate of convergence
is slower than the conventional \/n rate of convergence, since in this case the available instruments
are weaker than that assumed in the conventional strongly identified case, where the concentration
parameter is taken to grow at the rate n.

When P; = Z/(Z'Z )~1Z; goes to zero uniformly in 4, the asymptotic variances of the two JIV
estimators will get close in large sample. Since > i*; P;; = tr(P) = K, P;; going to zero will occur
when K grows more slowly than n, though precise conditions for this depend on the nature of Z;.
As a practical matter, P;; will generally be very close to zero in applications where K is very small
relative to n, making the jackknife estimators very close to each other.

Under homoskedasticity we can compare the asymptotic variances of the two JIV estimators.
With homoskedasticity the asymptotic variance of 6 is
Vo = Vo + V2 Vy=0®H, Vi =S BIUU Yy PG/ (1 - Pyy)*S,

i#j
+8, E[Uiei| E[U]e;) S, "> Po(1— Py) ' (1= Pyy) .
i#]
Also, the asymptotic variance of §is

Vi = Vi+V2V)l=0"H," lZu - Pz-i)inz;/n] H,',
i=1
V2 = S (PE[UU]) + ElUs)B[U=]) S,V P2
i#j
By the fact that (1 — P;)™! > 1 we have V,2 > V2 in the positive semi-definite sense. Also, note

that V! is the variance of an IV estimator with instruments z;(1 — P;;) while V;2 is the variance of



the corresponding least squares estimator, so that an < an. Thus, it appears that in general we
cannot rank the asymptotic variances of the two estimators.
Turning now to the consistency of the asymptotic variance estimators, we impose the following

additional condition.

Assumption 6: There is C with ||z;|| < C for alli, and there exists m, such that max;<y, ||z; — 7 Zi|| —

The next result shows that the estimators of the asymptotic variance we have given are consistent

after normalization.

THEOREM 4: Suppose that Assumptions 1-6 are satisfied. If K/r, is bounded then SgVSn —
V., 2 0 and S{JA/Sn — Vi 2 0. Also, if K/r, — oo then TnS;Lf/Sn/K -V 2,0 and
S VS, /K -V 250,

A primary use of asymptotic variance estimators is in conducting approximate inference con-

cerning coefficients.

THEOREM 5: Suppose Assumptions 1-6 are satisfied and that a(d) is an £ x 1 vector of func-
tions such i) a(d) is continuously differentiable in a neighborhood of dy, ii) there is a square ma-
triz By, such that for A = 0a(00)/d8, B,AS;Y is bounded; iii) for any 0 —— &, (k = 1,...,0)
and A = [0a1(61)/09, ..., Day(6¢)/dd), we have Bn(A — A)S;Y £ 0. If K/r, is bounded and
Amin(Br AS; YV, S YA'BL) > C or K/ry — o0 and Amin(BnAS, YV S LA'BL) > C then for
A = da(6)/99,

(AVA) Y2 [a(8) - a(%0)| = N(0, ).

If K/ry, is bounded and Ain (B AS,; YV, S, LA'BL) > C or K/ry, — 00 and Amin(BrAS, YV, SLA'BL) >
C then for A = da(4)/d9,

(AVA)~1/2 [a(s) - a(ao)} 4, N(0, 1).

Perhaps the most important special case of this result is that for a single linear combination.
For example, that case will lead to t-statistics based on the consistent variance estimator having

the usual standard normal limiting distribution. The following result considers that case.

10



COROLLARY 6: Suppose Assumptions 1-6 are satisfied and that c and b, are such that b,c'S; Y is
bounded. Then if K/r, is bounded and b2c'S;Y'V,,Stc > C or K/r,, — o0 and b2/ S; YV S e >

C then ~
C/((s — 50) d
———= — N(0,1).
vdVe
Also, if K/r, is bounded and ¢'S; YV, S, c/b2 > C or K/r, — oo and ¢ S;VV S te/b2 > C

then X
C/((s — 50) d
———= — N(0,1).
vcVe

4 Concluding Remarks

In this paper we have derived limiting distribution results for two alternative JIV estimators.
These estimators are both seen to be consistent and asymptotically normal in the presence of many
instruments and heteroskedasticity that precludes the consistency of LIML, 2SLS, and B2SLS in

the context of heteroskedasticity of unkown form.

11



5 Appendix A - Proofs of Theorems

Throughout, let C' denote a generic positive constant that may be different in different uses and
let M, CS, and T denote the conditional Markov inequality, the Cauchy-Schwartz inequality, and
the Triangle inequality respectively. We first give four lemmas that are useful in the proof of
consistency, asymptotic normality, and consistency of the asymptotic variance estimator. We group

them together here for ease of reference, because they are also used in Hausman et. al. (2007).

LEmma Al: If (W, Y;),(: = 1,...,n) are independent, W; and Y; are scalars, and P is
symmetric, idempotent of rank K then for w = E[(Wh,...W,) 1], § = E[(Y1,...Y,)'], dwn =

max;<, Var(Wi)V/2, 63, = max;<, Var(¥;)'/?,

> PiWiYj = Pjwig; + Op(KY2Gwnmayn + own /TG + 0yn V')
i) i#]
Proof. Let w; = W; — w; and §; = Y; — y;. Note that
S PWiYy = > Py =Y Pyl + > Pyigj; + Y Pijidj.
i#j i#] i#j i#j i#j
Let D, = 6%,,6%,. Note that for i # j and k # ¢, E [@;§;Wx7) is zero unless i = k and j = £ or
i=/{and j =k. Then by CS and }_; P;; = Py,

2
(Z Py wzyj) = > PPk [0:g05]

it i#j kL
= > P (Bl@Eg]) + Elig] Blo;g))
1#]
< 2D, Y P} <2Dy,) Py =2D,K.
i#j i

Then by M, >, Pijwy; = Op( }/2[(1/2). Also, for w = (w1, ..., Wy,)", we have iz Pijwig; =

WPy — Y; Pyyiw;. By independence across i we have E[wi'] < 63, I, so that
E((yPw)’) = §PE[@WPY < 69,5 Py < 55imiy,
2
E[(an'ﬂiwi) ] = Z 197 < o'y
i

Then by M and T we have },.; Pjjw;y; = O p(GwnV/§'Y). Interchanging the roles of Y; and W;
gives 3, Pijw;fj = Op(GynVw'w). The conclusion then follows by T. Q.E.D.

12



LEMMA A2: If i) P is a symmetric, idempotent matriz with rank(P) = K, P; < C < 1;
i) Win,Ut,€1), ooy (Wan,Un,ern) are independent and D, = Y7 E[Wiy,W! | is bounded; iii)
E[W!]=0, E[U;j] =0, Ele;] = 0 and there exists a constant C such that E[|Us||*] < C, E[e}] < C;
) X4y Bl Winl| '] — 05 v) K — o0; then for 5, € 5,; P2 (BIUUA B[] + ElU) Ele;Uj) ) /K
and any bounded sequences c1y, and cop, of conformable vectors with Z, = ¢, Dpcin + ¢, Xncon > C
it follows that

Y, = E;l/2<2 Clanm + C’2n Z Uz‘PZ‘jEj/\/E) 4, N (0, 1) .
i=1 i#j
Proof: The proof of Lemma A2 is long and is deferred to Appendix B.

The next two results are helpful in proving consistency of the variance estimator. They use the

same notation as Lemma Al and fiy = max;<, |E[W;]| and iy = max;<, |E[Yi]|.
LEMMA A3: If (W3, Y;), (i =1,...,n) are independent, W; and Y; are scalars then

ZP%W@‘YJ‘ = E| ZPQWY + Op,({K (630 + oy iy + iy oy /).
i#] i#]
Proof: Using the notation of the proof of Lemma Al, we have
Z WY Z Wiy = Z Wil + Z SWiYs + Z SWiYj
i#] i#] i#] i#] i#£j
As before, for i # j and k # ¢, E [0;§;Wxy| is zero unless i = k and j = £ or i = £ and j = k. Then
y CS, P4 < PE], and »°; P = P,

2
(Z wzy]) = ZZ PME [ DG 0xTe]

i#£]j i#£] k#L
= Y P} (BB + Eldg] Bl i)
1#]
< 207y0v » P < 203,07 K.
i#j

Then by M, Y, PAwig; = Op((Kafyay) ). Also, Y., PAwiy; = WPy — Y, P2ysb; where

13



P = Pf] By independence across i we have E[@ww'] < 63, I, so that

E((yPw)?] = yPE[WW|PY < &iy,7 P*) =%, _ 5P Prilj
'7-j k
< owiy » PLPE = Z Z ZPk]
i,5,k
= owhy Y Pi, < Kojy iy
%

2
(Z yw) = Z 27 < Kowy iy

Then by M and T we have 37, ., P; wzy] Op((Ko3,i%) 1/2 ). Interchanging the roles of ¥; and W;
gives >, ., P fwzyj Op((KUYuW)l/ ). The conclusion then follows by T. Q.E.D.

As a notational convention we let >, ., denote 37, 37, > peqii)-

LEMMA A4: If W;,Yi,mi, are independent across i with E[W;| = a;/\/n, EYi] = bi/y/n,
la;| < C, |bs] < C, E[n?] < C, Var(W;) < C/rp, Var(y;) < C/ry, there exists m, such that
maxi<n |a; — Zlmn| — 0, and VK /r, — 0 then

Ap=E[ Y WiPymPeY;] = O(1), > WiPunpPy;Y; — An == 0.
i2i#k i#ik

Proof: Given in Appendix B.

LEMMA Ab: If Assumptions 1-3 are satisfied then

SMHS Y = Y wiPy(1 = Py) T/t 0p(1), 8,1 Y XiPy(1 = Pij)~lej/pm = 0,

i#] i#]
S, HS Y = Y mPiyi/ntop(1), 8,1 Y XiPyej /= 0.
i#£j i#]

Proof: Apply Lemma Al with Y; = €}.S,1X; = zi./v/n+€,.S,, 'U; and W; = €,S,; 1 X;(1— P;;) ! for
some k and £. Note that since ||S; || < C/\/rn,

EYi] = zig/V/n,Var(Y;) < C/rp, EIW;] = zy//n(1 — Py), Var(W;) < C/ry.
Note that
VEKownoyn < CVE/[rn — 0,6wn 7y < Crp /2> 22 /n — 0,

oypVu'w < Crn1/2\/Zzi2£(l—Pii)2/n§C’rn1/2 /szg/n—m.

14



Since ¢}, S, L H S, Ve, = €},.S; ! Sinj XiPii XS, Vey/(1=Pjj) = 3, WiPy;Yj and Pijwj; = Pijzizje/n(1—
P;j), by Lemma A1 the first conclusion holds for the (k,¢) element. The first conclusion then follows
by applying this same argument to each element.

For the second conclusion, apply Lemma Al with Y; = €S, 1X; as before and W; = ¢; //Tn(1—
Py).

For the third conclusion, apply Lemma A1 with W; = €,.S,, 1 X; as before and Y; = €5, 1 X;, so
that

VEKGwnoyn < CVE [rn — 0,6wn V75 < Crp 2" 22 /n — 0,6y, Vo' s — 0.
The fourth conclusion follows similarly. Q.E.D.
Let H, =Y, zizl/n and H,, = 3,(1 — Py;)22}/n.
LEMMA A6: If Assumptions 1-4 are satisfied then
STHSY = Hy, + 0,(1), S, HSY = Hy, + 0,(1).
Proof: Let z; = > ;L P;jz; be the ith element of Pz and note that

Z Iz = zl* /n = (I = P)z||* /n=tr(z'(I = P)z/n) = trl(z = Znl,,)' (I = P)(z = Z7,)/n]

IN

tr((z — Zmi,) (2 — Zry) /0] = ZHZZ—TFKnZ I /n— 0.
=1

It follows that

Y (zi—z)(1 = Py)~ 2 /n

7

< Yla-=lfa
¢zma—mﬁm¢zmu—mr%wﬁkﬁg

IN

Then

Zzz i ( ; 1z}/n = ZziPij(l /n—ZzZ i ( Lidn
i#£j %,
= Z (1 — /n—ZzZ i ( /n

:H+Z )0 = P = o).

15



The first conclusion then follows from Lemma A5 and the triangle inequality. Also, as in the last

equation we have

Z ziPyzi/n = Z ziPyjzj/n — Z Pjizizi/n = Z Ziz)/m — Z Pjizizi/n
i#j ij i i i
= H,+ ) (zi—2)%/n= H, +o(l),
i

so the second conclusion follows similarly to the first. Q.E.D.

Proof of Theorem 1: First, note that by Amin (SnSh,/Tn) = Amin (S’ngé) > C we have

Therefore, 57’1(5 —00)/ in L, 0 will imply & -2 8. Note that by Assumption 2, H, is bounded

S (6 — 50)/“”” > Amin (SnS., /1) Y/2 H5 - 50H > C H5 - 50H .

and Amin(H,) > C for large enough n, with probability one. For H from Section 2, it follows from
Lemma A6 and Assumption 2 that with probability one Apin(S,, H S-1) > C as the sample size
grows. Hence (S;lﬁSgl’)_l = O0p(1). By eq. (1),
i S3(0 = Bo) = (S HSTY) IS Y Xy 1im = Op(1)op(1) == 0.
i#j
All of the previous statements are conditional on conditional on (T, 7) for a given sample size
n, so that for the random variable R,, =y 'S’ (6 — dg) we have shown that for any costant v > 0,

with probability one
Pr(|Rull = o[, Z) — 0.

Then by the dominated convergence theorem,
Pr(||Ru| = v) = E[Pr(||Rnl| = v|T, Z)] — 0.

Therefore, since v is arbitrary, it follows that R, = S (5 — 6y) —= 0.
Next note that P;; < C < 1, so in the positive semi-definite sense in large enough samples with
probability one,
H, = Z(l — Py)zizi/n > CH,,

Thus, H,, is bounded and bounded away from singularity for large enough n with probability one.

Then the rest of the conclusion follow analogously with ) replacing 6 and H,, replacing H,. Q.E.D.

16



We now turn to the asymptotic normality results. In what follows let & = ¢; when considering

the JIV2 estimator and let & = ¢;/(1 — P;;) when considering JIV1.

Proof of Theorem 2: Note that E[¢?] < C so that

n 2

Z _zz fz/\/_

=> - zl* BE)/n < CY_ |z —zl* /n — 0.
i=1

=1

Then by M,

n

St XiPygy = (1= Pa)&i/Vn— S S UiPy& =Y (2 — 2) &/vn == 0.

i#] i i#] =1
Let Wiy, = 2i(1 — Pyi)&;//n and
n
r, = Var(z Win + Z S;1U¢Bj§j)
i=1 i)

= zzz 2E[e)/n+ S, 1 Y. PL (EUUJE[E) + E[UGIEU)) S,
i#]

Note that u,S,! is bounded by Assumption 2 and that D it PZZJ /K < 1, so by z; bounded,
Assumption 3, and K/u2 bounded it follows that T',, is bounded. Also, E[¢2] > C > 0, so that

r, >2:zZ - E[£? /n>CZzZ 2/,

so by Assumption 2 Apin(I'y) > C > 0 for all n large enough. It follows that I’ 1 exists and is
bounded in n for n large enough.

Let a be a G x 1 nonzero vector. Now apply Lemma A2 with U; there equal to U; here, ¢;
there equal to & here, Wi, = z(1 — Py)&i//n, ¢in = o/T; 1, and ¢, = o/T;7 1S 1/K. Note that
condition i) of Lemma A2 is satisfied. Also, by z; and E[¢?] bounded, condition ii) of Lemma A2
is satsifed and condition iii) is satisfied by Assumptions 3 and 5. Also, by (1 — P;)™! < C and

Assumption 5,
SCE[Winl < CY 2] /n* — 0.
i=1 =1

so condition iv) is satisfied. Finally, condition v) is satsfied by hypothesis. Note also that ¢y, is

bounded, ¢, = o&'T; 1S VK /iy is bounded by hypothesis, and =, = o/a by construction.

17



Then by the conclusion of Lemma A2,

(@/a) T V280N XiPye = (dla) Pl (Z Win + > Sy UiPy&5 + Op(l))
i25 = i

= Z 203 Win + dhy S UiPre [VE) —5 N (0,1).
i=1 i£]

1/2

It follow that o/T" —1 n o 2izg XilPigé; AN (0,0’a), so by the Cramer-Wold device,

_ _ d
D283 XiPyg; = N (0,1g) -
i#]
Consider now the JIV1 estimator, where & = ¢;/(1 — P;;) and T'), = Q,, + ¥,,, so that
Q0+ 0,) 250N X Py(1 - Pyy) ey -5 N (0, 1)

i#]
Note that B, = V,, 1/2H IF}/Q is an orthogonal matrix, since B, B/, = Vi 1/2V Vi 12 _ 1. Also,
Vi /2 is bouiided by Amin(Vy) > C, and F%L/ 2 is also bounded by I';, bounded. By Lemma A6,

(S;YHS,; )~ = H; ' 4 0,(1). Therefore, we have

VRS ST = VA o ()T

n

= Bp+o0,(1).

Note also that if ¥, —& N (0,Ig) then for any orthogonal matrix B, B,Y, 4N (0,Ig). Then
by the Slutzky lemma and § = 6y + H ! >iz XiPig&j for & = (1 — Pj;)~1e; we have
VRS (6 —60) = VRS ETYY XPyg = V(ST ETIS ) TS Y XiPyg;
i#] i#]
V(s S )T Y Xyt
i#]
_ _ d
= B8, Y XiPijgj + 0p(1) = N (0, 1c) .
i+

The conclusion for JIV2 follows by a similar argument for §; = ¢;. Q.E.D.

Proof of Theorem 3: Under the hypotheses of Theorem 3, r,/K — 0. Similarly to the

proof of Theorem 2 we have,

Vil KSyt Y XiPy& = \/Tn/Ki (1= Pi)&i/Vn+ Syt > UiP&i /VE + 0p(1)

i#] = i#]
= 1Syt Y UiPy&i /VEK + op(1).
1#£]

18



Here let
I = Var(u,S;! Z UiPi]fj/\/K)
i#]
= WS, Y P2 (BE[UUIEIE) + BUSIEUE,)) S, /K.
G
Note that I',, is bounded by 11, S bounded, E[||U;||*] < C, and E[sz] < C. Let L, be any sequence
of bounded matrices with Apin(L,' L) > C and let
Vo = (LalW L) 2 Lonfra/ K S S Uiy
i)
Now let « be a nonzero vector and apply Lemma A2 with W;, =0, ¢; = &, c1, = 0, and c¢9, =
o (I:nFnE;L)*lﬂ LynpnS;t. We have ¢, Var (Zi# Uipijﬁj/\/g) con, = o’a > 0 by construction.
Then by the conclusion of Lemma A2 it follows that oY, AN (0, &’a). Then by the Cramer-Wold
device we have

Y, -4 N(0, ).
Consider now the JIV1 estimator, where & = ¢;/(1 — P;;) and T, = (r,/K)¥,, so that

(LaTnLt) 2 Lo\ /ru/ KSTVS" XiPy(1 — Pij) " 'ej = Yo+ 0,(1) ~5 N (0, 1)
i#]
Let L, be as specified in the statement of the result such that Ani, (Lnf/,f L) > C and let L, =
L,H;', sothat L,VL! = L,T',L’,. Note that, (I_/nI‘nl—LQL)_lﬂ and F}/Q are bounded. By Lemma
A6, (S, HS; V)™t = H;; ' + 0,(1). Therefore, we have

(Lol L) 2 Lo (S HSY) ™ = (LpDn L)) ™2 Lo (HY + 0,(1)) = (LT L) ™2 Ly + 0,(1).
Note also that +/r,/KS;;* Dizg Xil (1 — Pjj)te; = Op(1). Then we have
_ . —1/2 ~
(Lo, 0, H, L) P LS. (5 — 80)

n

= (LalnLp) 2 La(S7 HTST V) rn /K S ST XiPy(1 = Pyy) e

i
= [(LaDuL) ™2 Lyt 0p(1)] \/ra/ K S, S° XiPyy(1 = Pyy) 7'y
i
= (LalnLy) 2 Loy fra/ KS T S0 XiPy(1 = Pyy) e+ 0, (1)

i#]

= Y, 4o0,(1) -5 N(0,1,).
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The conclusion for JIV2 follows by a similar argument for §; = ¢;. Q.E.D.

Next, we turn to the proof of Theorem 4. Let & = (y; — X!6)/(1 — Py;) and & = &;/(1 — Py;) for
JIV1 and & = y; — X}6 and & = &; for JIV2. Also, let
Xi = S'Xi, %1 =Y XiPp&iPyX), Yo=Y P (XzXfé? + Xzézéij,> ;
iZjk iZj
1 o= Y XiPuéiPiXj Yy =) P} (XzXfff + Xifiij}) -
i#i7k iZ
LEMMA AT: If Assumptions 1-6 are satisfied then Y=Y = op(1) and Yo — Yo = op(K/r).

Proof: To show the first conclusion note that for § = 6 and X = X;/(1 — Py) for JIV1 and
6 =0 and X} = X; for JIV2, § 2 6y and

& — & = —26XP(5 - do) + [ X6 - 50)}2 ‘

Let 7; be any element —2& X" or of X7 X/”. Note that S, /y/n is bounded so by the Cauchy-
Schwartz inequality, || ;|| = ||Snzi/v/n| < C. Then

E[1}] < CE[E]] + CE[||1X;|”] < C + CE[||%:l|*] + CE[|Ui||"] < C.
Let A,, denote a sequence of random variables converging to zero in probability. By Lemma A4,
AN XiPympPei X} = 0p(1)0y(1) - 0.
i#j#k
From the above expression for £2 — &2 we see that 3 — 3 is a sum of terms of the form
A Dikjth XiPiknkijXj’., so by the triangle inequality 2 - 0.
Let d; = C+ |ei] + U], A = (1+]|8])) for JIV1, A = (14 |3])) for J1V2, B = ||§ — bo|| for IV1,

and B = Hg - 50H for JIV2. By the conclusion of Theorem 1 we have A = O,(1) and B - 0.
Also, by P; bounded away from 1, (1 — P;)~! < C, so for both JIV1 and JIV2,

Xl < C+|Ui| < di, | Xi| < Cuylds,
G—&| < C|XI6 00| < CdiB. |8 < C|X](6—§)| + &l < CdiA,
§-¢| < (|§z‘| + & ) & —&| <Cdi(1+ A)d;B < Cd;AB,
HXZ (éz - €i> ) < Cp,'d}B, )Xzéz < Cpy'd7A, | Xi&|| < Cuytd?.
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Also note that

E\ Piddir,' | <Cri' Y Py =Cr' Y Pi=CK/ry.
i#] 2 g
so that Y, PAd?d3r,* = Oy(K/r,) by the Markov inequality. Then it follows that

LV

> F (XX -6))

We also have

~ | < O L PLAEAR = 0y ().

> a5 (k6 Kesks)) < To(ElI% - o)l + sl 6 - 6))
17£] v}
< Cr' Y Pidd2AB =o, (f)

i#£]
The second conclusion then follows by the triangle inequality. Q.E.D.

LEMMA AS8: If Assumptions 1-6 are satisfied then

Sl = Z ZZ‘PikE[&%]ijzé/n—FOp(l),
i#j#k
22 = ZP2zlz E
i#]
+S, > P} ( B[] + B[U&IEIGU]) 7 + 0p(K /1),
i#]

Proof: To prove the first conclusion apply Lemma A4 with W; equal to an element of Xj, Y; equal
to an element of Xj, and n = &2,

Next, note that Var(¢?) < C and r, < Cn, so that for uy; = €}.S, U,
E[(XuXi)? < CEX}+ X)) < C{ef/n? + Elul] + 2/n? + Eluf]} < Cr?,

E[(Xun&)?] < CEl(5&/n+ui€)] < On™' + Op,® < Oyt

Also, we have, for Q; = E[U;U/],
E[X;X]] = zizi/n + 8,05, ", E[Xi&i] = 5, E[Ui&).
Next let W; be e;»XZ-X{ek for some j and k, so that
EWi] = €S, E[UU{1S, " ex + zijzir/n, |[EWi]| < Cr;!
Var(W;) = Var { (englUi + zl-j/\/ﬁ) (e}CS,lei + zlk/\/ﬁ)}
C/r2 4+ C/nr, < C/r2.

IN
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Also let Y; = €2, Then VE(GWwnoyn + 6wnliyn + fiwnoyn) < CVEK /1, so applying Lemma A3
for this W; and Y; gives

S PEXXIEE = 37 P2 (el + S700u8,Y) BIE) + Op(VE /).
i#] i#]
It follows similarly from Lemma A3 with W; and Y; equal to elements of Xzfi that
N PEXigig; X = 5,1 PAEIUGIEIGUIS, Y + Op(VEK ).
i#] i#]
Also, by K — 0o we have O,(VK /1) = 0,(K/ry). The second conclusion then follows by T.
Q.E.D.

Proof of Theorem 4: Let d? = E[fzz] and z; = >, Pijz; = e;Pz. Then

Z ziPikéiijzé/n = ZZ Z zi]%kd,%ijzg-/n

i#j#k i j#ik¢{ig}
= Z Z (Z ziPikd,%ijz; — 2’1PMO'Z2PZJZ§ — ZiPijO"]szjZ}> /n
e k

= (Z ZpOoZ) — Z 2 Zizlod — ZzZP”a i+ ZziPiid?Piiz;
i
- Z Zj0; PJJZJ + ZZJPJJO PJ]ZJ)/

= Za (zz — Pyizizi — Pyziz) + Pz-izizi) /n— Z P2zi2lo?
i#]
Also, as shown above, Assumption 4 implies that 3, ||z — z||* /n < 2/(I — P)z/n — 0. Then by

dg and P;; bounded we have

az)/n| < D672l llz =zl + = — zl*) /n
7
< CQ Nl /m 2 Nz =zl /)2 + C Y Nz =zl fn — 0,
ZaPuzz zz)/n| < ZJ4P2||2i||2/n)1/2(ZIIZi—Eillz/n)1/2—>0-
7

It follows that

Z ziPikdiijzé/n = Z 62(1 — Py)?zi2 /n+ o(1) — ZPZZ Zlo?
itk i i
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It then follows by Lemmas A7 and A8 and the triangle inequality that

S 43y = Z ziPz-kd,%ijz;/n%—ZHsz;aQ/n
i#j#k i#]
+5;13° P2 (EWiU62 + EU&IEIEU]) SiY + 0p(1) + 0p(K/ra)
i#]

= ZO‘ Pi)?2z2l In

+Sl§: 2 (BlUU})6? + BIU&GIBIGU]) Sp Y + 0p(1) + 0p(K /7).
i#]

Then for JIV1, where & = ¢;/(1 — Py;) and 62 = 07 /(1 — P;)?, we have
31+ 30 = Q4+ U, 4 0,(1) + 0, (K/14).
For JIV2, where &; = ¢; and 62 = 02, we have
143 = Q4+ U, + 0p(1) + 0p(K /).

Consider the case where K/r, is bounded, implying o,(K/r,) = op(1). Then by boundedness
of H;1, Q, + ¥, H 1 and Q, + ¥,

(S,;llfls,;l’)_l (21 T 22) (S;lﬁl’S;l’)_l
— (ﬁ;l + op(l)) (Qn + Ty, + 0,(1)) (ﬁgl + op(l)) = Vo 4 0,(1).

SIVS, = Vi+op(l),

S'VS,

giving the first conclusion.
Next, consider the case where K/r, — oo. Then for JIV1, where & = ¢;/(1 — P;) and

62 = 02 /(1 — Py;)?, boundedness of €, in n implies we have

(ra/K) (Z1452) = (ra/ K+ (ra/ K)o + (/K )op(1) + 0p(1)

= (ra/K)¥y +0p(1).
For JIV2, where & = ¢; and 62 = o, we have

(ra/K) (Z145) = (r0/K)Q + (1K) + (ra/ K )op(1) + 0p(1)
= (rp/K)¥, + op(1).
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Then by boundedness of H,; !, (r/K,)¥,, H;!, and (r/K,)¥,,

S,VS, = (Sptas;) T (Sa+ %) (st As )
= (H. '+ 0p(1) (mTn/ Ko+ 0p(1)) (Hy ' +0p(1)) = Vi + 0p(1).
SIVS, = Vi+op(l),

giving the second conclusion. Q.E.D.

Proof of Theorem 5: An expansion gives
a(d) — a(dy) = A(5 — &)

for A = 8a(3)/06 where § lies on the line joining & and dy and actually differs from element to
element of a(8). It follows by & -~ & that & -~ &y, so that by condition iii), B,AS;Y =
BrAS; Y 4 0,(1). Then multiplying by B, and using the conclusion of Theorem 4 we have
faaN=1/27 4
(Ava') / (a(8) = a (d)]
. . . —1/2 _ _ .
— (BuAS; SV A'BL) T B AS S, (5 - 5)
_ ~1/2

= [(BaAS;" +0,(1)) (Vi + 0, (1)) (7748, + 0,(1)]

x (BuASY +0,(1)) S, (5= &)

= (RuFY)

_ —1/2 ~
By AS, 'V, 8V A'B),) " B AST VS (6= 00) +0p(1)
_ —1/2 _ _ ~
B AS, 'V, 8,V A'B},) 1% B A2 12! (6—00) +0,(1)

2RV, + 0p(1)

for F,, = BnAS;anl/2 and Yn—f/n_lmS;L (§ — 80) . By Theorem 2, Y, LA N(0, Ig). Then since L,, =
(F,F.)~Y2F, satisfies L,L!, = I, it follows from the Slutzky Theorem and standard convergence

in distribution results that

giving the conclusion. Q.E.D.

Proof of Corollary 6: Let a(5) = ¢/§, so that A = A = ¢/. Note that condition i) of Theorem
5 is satisfied. Let B, = b,. Then B,AS, Y = b,¢'S, '’ is bounded by hypothesis so condition ii)
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of Theorem 5 is satisfied. Also, B,(A — A)S,; Y = 0 so condition iii) of Theorem 5 is satisfied.
If K/r, is bounded then by hypothesis, Amin(B,AS; YV, S;YA'B!) = b2 S; YV, S 1c > C or if
K/rp, — 00 then Amin(BpAS; YV S-LA'B!) = b2d'S; YV S 1c > O, giving the first conclusion.

The second conclusion follows similarly. Q.E.D.

6 Appendix B - Proofs of Lemmas A2 and A4

We first give a series of Lemmas that will be useful for the proofs of Lemmas A2 and A4.

LEMMA B1: For any subset Iy of the set {(ivj)ijl} and any subset Iz of {(i,j, k)2j7k:1},
for all n with probability one as n — . (a) ZP{; < K; (b) ZP%PJ?,C < K and (c¢) for constants
Is I3

{C_Li, l_)i, Ei}?zl , IZ PinRkijc_Lil_)jEk < Kmaxign |dl| max;<n |l_)]| max;<n |CZ|
3

Proof: By Assumption 2, Z’'Z is nonsingular with probability one for n sufficiently large. Also,
by P idempotent, rank(P) = tr(P) = K, 0 < P; < 1, and i Pfj = Pj;. Therefore, for D, =
j=1

max;<n ‘5,$| maX;<p |Bz} max;<p ’Ei|,

n n n
N SRCED o B SR
I> =1

ij=1 ij=1
n n n n
2 p2 2 p2 2 2
D FPiP < DL PaPi=) ( Pz'j) <Z ij>
I3 = j=1 \i=1 k=1
n n
= 2P =K
j=1 j=1
> PlPyPjabje,| < DnY P2 |PyPj| < Dy ZP%\/Z Pfk\/z P2
I3 irj k irj k k
< Dun ) Pjy/PiPjj < Doy P} = DiK.QE.D.
2Y) ,]
For the next result let S, = > (PuPjrPuPj + PijPjr Py Py + Pij P, Pj1Py) .
i <j<k<l

LEMMA B2: If Assumption 2 is satisfied then for D = diag(Pi1, ..., Pan), a) tr {(P — D)ﬂ <

CK;b)| > PuyPjpPuPy
i<j<k<l

< CK, and c) |S,| < CK.
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Proof: To show part (a), note that
(P-D)* = (P-—PD-DP+D*»?=P—PD—-PDP+ PD?>—-PDP+ PDPD + PD*P — PD?
~DP + DPD + DPDP — DPD? + D*P — D*PD — D3P + D*.
Note that tr(A") = tr(A) and tr(AB) = tr(BA) for any square matrices A and B. ThenD
tr [(P — D)| = tr(P) - 4tr(PD) + 4tr(PD?) + 2tr(PDPD) — 4tr(PD®) + tr(D").

By 0 < P; < 1 we have D7 < T for any integer and tr(PD7) = tr(PD'P) < tr(P) = K. Also,
tr(PDPD) = tr(PDPDP) < tr(PD?P) < tr(P) = K and tr(D*) = ¥, P} < K. Therefore, by T
we have

tr [(P - D)!]| < 16K,

giving conclusion a).
Next, let L;j = P;j1(i > j) be the matrix that is the lower triangle of P and zeros elsewhere.
Then P=L+ L'+ D so

(P-D)* = (L+L)'=(L*+LL +LL+L?)?
= L*+L°LL +L*LU'L+L’L?+LL'L? + LL'LL + LL'L'L + LL"

+L LI+ LD + LI L+ L'LL? + 1?12 + L?LL + L L + 14
Note that for an integer j;[(L’)/]' = L/. Then using tr(AB) = tr(BA) and tr(A’) = tr(A),

tr(P— D)) = 2tr(L*) + 8tr(L3L)) + 4tr(L2L"?)

+2tr(L’LL'L)
Next, compute each of the terms. Note that

tr(L*) = > Pyl(i > §)Pil(j > k)Peel(k > 0)Py1(¢ > i) = 0.

GGkl
tr(L°L) = Y Pyl(i > j)Pil(j > k)Prel(k > O)Pul(i>0) = > P;PiPrPu
i i>j>k>0
= Z Py Pjy, Py Py = Z Py Py Pji Py = Z Py Pjy Pro Py;

t<k<j<i i<j<k<t i<j<k<t
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tr (L2L’2) = Y Pyl(i > j)Ppl(j > k)Pul(C > k)Pul(i > 0) = Y. PiyPyPuPy

Iy i>j>ki> 0>k
= Z Pij P Pro Pp; + Z Py P Pro Py + Z Py Pjj, Py Py;
i>j=l>k i>j>0>k i>0>5>k
= Z P Py, Py Pj; + Z (P PriPij Pjo + Py Pji Pt Pro)
i>j>k i<j<k<t
= Y PPL+2 > PyPuPyPi
i<j<k i<j<k<t
tr(LL'LL) = Y Pyl(i > j)Pjp(k > j)Pul(k > 0)Pyl(i > ()
i’j’k’e
= Y PyP;iPiPji+ > PyPiPujPji+ > PijPyPujPji+ Y PijPjiPyPy
j<i j<k<i j<i<k j<b<i

+ ZPUPﬁPMPm( o+ D+ D>+ >, )BijkPngi

l<j<i (<j<k<i j<l<k<i (<j<i<k j<l<i<k
2 2
= Z -+ 2 Z (PUPZ ij>+4 Z Py Py Pjo Py;
i<j i<j<k i<j<k<t

Summing up gives the result
tr(P— D)) =2 PL+4 Y (PLP + PiPj + P P}) + 8.
1<j 1<j<k
Then by the triangle inequality and Lemma B1 we have
[Sul < (1D PG +1/2 > (PPj,+ PiFj + PiPL) + (1/8) tr((P = D)') < CK,
i<j i<j<k
giving part c). That is, S, = O(K).
To show part (b), take {e;} to be a sequence of i.i.d. random variables with mean 0 and variance

1 and where ¢; and Z are independent for all 4 and n. Define the random quantities

Ay = > [PjPuejer + PyjPjreick + P Preic;)
i<j<k

Ay = > [PyjPuxgjer+ PijPpeick] , A3 = > PuyPjeiej.
i<j<kh i<j<k

Note that by Lemma A1,

E[A?}} = Z Py Pjrei; Z Ppy Prgeem)

1<j<k {<m<q
= ST PuPiPuPi= > (Pu)’(Pu)’+2 Y. PuPiPuPj
i<j<{h0} i<j<k i<j<k<t
= O(K)+2 > PuPjPuPj.
i<j<k<t
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Also, note that

E[AA3] = E]| Z (PijPirejer, + PijPjreick) Z PrgPrgeeem)

1<j<k <m<gq
= > PyPyPyuPu+ Y, PijPjPuPu,
1< j<k<l 1<j<k<l
and
FE (A%) = E[ Z Pz'jpik&“jék + PZ‘ijkEiEk X Z PngngmEQ + PngquZEq ]
1<j<k l<m<q

= Z Py Py Pyj Py, + Z Py P Piyn P,

{il}<j<k i<{jm}<k
+ Z Py Py Py P + Z Py Pjy Py Py,
1<j<m<k (<i<j<k
= Y PP+ > PP +2 > PyPyPyPy+2 Y PyPjpPanPo
i<j<k i<j<k i<€<j<k i<j<m<k
+ Z P;; Py Py Py + Z Pjp Py P Py
i<j<k<t i<j<k<t
= Y P PL+ > P.P+25,=0(K).
1<j<k 1<j<k

Since A1 = Ay + Ag, it follows that
E[A2] = E[A2] + E[AZ] + 2E[AsAs] = O(K) + 25, = O(K).

Therefore, by T, the expression for E[A%] given above, and Az = A; — Ay,

> PuPjPyPjy| < E[A3]+O(K) < E[(A; — A)?] + O(K)

1<j<k</t

< 2E[A}] +2E[A3]+ O(K) < O(K).Q.E.D.

LEMMA B3: Let L be the lower triangular matriz with L;; = P;j1(i > j). Then, under Assumption
2, |LL| < CVE asn — oo, where ||A|| = [T'r (A'A)]2

Proof: From the proof of Lemma B2 and by Lemma B1 and Lemma B2 b) we have

LU = te(LL'Ll) =Y Pi+2 Y (P2P Pfk) +4 > PypPyPiePy
1<j 1<j<k 1<j<k<t
< > PuPyjPjPy|) < CK.

z<]<k<€
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Taking square roorts gives the answer. Q.E.D.

Proof of Lemma A2: Let by, = clnEﬁl/Q and be, = con=n

1/2

, and note that these are
bounded in n since Z,, is bounded away from zero by hypothesis. Let wy, = b}, Wy, and u; = b, U;,
where we suppress the n subscript on u; for notational convenience. Then
n
Y, = wip + Zyim Yin = Win + Yin, Yin = Z(Ujpij&' + U¢P1j6j)/\/?-
i=2 j<i
Also, E[||win||*] < X El|Jwin]|Y] < C 2, E[|Winl|*] — 0, so that w, - 0. Hence
n
Yo=Y yin +op(1).
i=2
Note that y;, is a martingale difference, so that we can apply the martingale central limit theorem.
Note also that E|w;,y;n] = 0, for all 7 and j and that
E(5n)?] = Y. El(u;Pye; + uiPyje;) (we Prei + uiPier)]/ K
j<i k<i

= 3 PR(BRABIE + Bl Bl + 2B [uiei) Elujey) /K.

Thus,

2 = FE

(i y) ] _ S (Bt + E[g2])
=2

=2

= UipDnbin — Elwil,] + ) PJ(E[uf] B[] + Eluiei] Eluje;]) /K
i#j
= b}, Dnbip + b5, Snboy +0(1) =1+ 0(1) — 1.

Thus, s2 is bounded and bounded away from zero. Also,

n n

S Bk <O B[IWanll'] + €Y E k] -
=2

=2 =2
By condition iv), 37y E[||Win||"] — 0. Let 5, = >, u;Pjei/y/n and g%, = >, ui Pje; /VE.
By |P;j| <1 and Zj PZ% = Py,

n n

Y E [(@fn)ﬂ < % > Y PyPuPuPimEle}] Elujupugtn]
i=2 i=2 jkfm<i

< s (S X ) conm —o

=2 \ j<i 7,k<t
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Similarly we have Y " o E {(yjzun)ﬂ — 0, so that

n n

S Elghl <cY {B@)] + El@m)"]} —o.
1=2 =2
Then by T we have i
Y Elyj) — 0.
i=2

To apply the martingale central limit theorem it now suffices to show that for Z; = (W, U, €;),
ZE[yizn | Z1y .0y Zi ] — 52 25 0. 2)
i=2

Note first that by independence of Wiy, ..., Wan,
Elw? | Z1,...,Zi_1] = E[w?].
AISO, E [wlngzn] =0 and

E [winin | Z1, ..., Zi1] = Elwinui] Y Pijej/VEK + Elwinei] Y Pijuj/VE.
j<i j<i
Let 0; = Elwjinu;] and consider the first term, J; > j<i Pijsj/\/f. Let P be the upper trian-
gular matrix with P;; = P for j > i and P; = 0, j < 4, and let § = (1,...,8,). Then,
1o i SiPyjej/VEK = §'P'e/VK. By CS 86 = Vi (B [winu))® < Yiy Elw}]E[uf] < C.
By Lemma B3, |[P'P|| < VK. It then follows given E[u ] < C that

E[(0'P'e/VK))) < C8'P'Ps/K < C[5]* | P'P|| /K < CVE/K — 0,

so that &' P'e /K 2, 0 by M. Similarly, we have Yo Elwinwi] 37544 Pijej/VK — 0. Therefore,
it follows by T that 3% o E [winGin | Z1, ..., Zi—1] —— 0.To finish showing that eq. (2) is satisfied it
only remains to show that

n

g (B3 | 21, Zia| - BlgE)) 2> 0. (3)

Now, let 07 = E[e?], w? = w?, = E[u?], and v; = vin = E[us&;], where again we suppress the
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subscript n on w? and ; when doing so is not likely to lead to confusion. We can write

Zn: (E {ngn | Z1,-~-,Zz'—1} - E[ﬂfn])

i=2
= Y wiPi(ed—0)/K+2 Y wlPjPugjer/K
Jj<i J<k<i
+202P2 u - wj )/K+2 Z o; P”P,ku]uk/K
Jj<i j<k<i
+2) 7iP(uje; —v)/K +2 Y viPiiP(ujer + wiegj) /K.
Jj<i j<k<i

Note first that by Lemma B1,
2
(Z ViP(uje; — Vj)/K) =3 > WPiwPAE [(ujej — 7)) (ueer — o) /K
j<t j<it<k

CK
= X wPiwPLE (e )| [K*<C YD PRRY/KP < o —o.
J<i,j<k j<ij<k

Similar arguments can also be applied to show that

2 2
(Zw2P2 5 — 05 )/K) —0,F (202132 u — ws )/K) — 0.

1<t 1<t

Next, it follows by Lemma 7?7 that

j<k<i

2
(Z %Pz-jPikujak/K) — 0,

and similarly that all of the remaining terms in eq. (4) converge to zero in mean square, so that

the conclusion follows by the martingale central limit theorem. Q.E.D.
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Proof of Lemma A4: Let w; = E[W;], W; =W, —w;, §s = ElYi], Yi = W; —w;, 1; = Eni],

i = 1 — Tis
Z = m<axw <C/n, @2 = maxyl < C’/n,,/]?7 = maXﬁZZ <C,
N
ol = m<axVar(W) <CJrp,5% = m<axVa7“( i) < C’/rn, = ma Var(nz) <C.
1< n 1 <
Also, let

i =Y Pyyj,wi =Y _ Pywj,
J J

be predicted values from projecting § and w on P, and note that

Sy <oy at<Y at<c

By independent observations we have

An — Z Z wipikﬁkpkjgj:Zzwipikﬁkpkjy] Z'wz mnz ij] sz z]njpjjy]

i#] kg{i,j} i#j k G| 7]

= Y Wrikie — > Wil Pk — Y Wi Pitiis — > Wi Piigii + 2 wid)i Piji.

\/;w%\/;ﬁiﬂigc\/ﬁ\/@ga
\/Zw mzﬁjy%cﬁ Yi<c

and it follows similarly that ), w; P;7;y; is bounded. By Lemma B1,

By CS,

IN

> Wyl
k

IN

< Cn!

> Wil P

ik

<CK/n<C.

> P
ik

Also, |3 w;g; P27;| < Cn/n = C. Thus, |4,| < C holds by T.
Next, note that

WP PrjY; = WiPunk Py + 0 Piani Pr; Y
= WiPuiPr;Y; + Wi P Pr; Y + 0; P Pr; Y + 0; P Pr Y
= WPy P;Y; + WPk Peji; + Wi Piiis P Y5 + Wi Pt Proj

+711iPz'k77kijf/j + w; Py Prjyy + wipikﬁkpkj?j + W; Pk Prj Y-
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Summing and subtracting the last term gives

7
S° WiPymiPyYy — An = ¥,

i£j#k —1
wherer
P = Z W; Py Pr Yy th = Z W, Pk Prj, s = Z W; Pigii Pr; Y,
itk i#i2h i2 itk
Yo = > WiPaiiwPejij, s = Y 0iPiiikPriYj, 06 = Y Wi PariiePrjij,
itk it itk

and 7 = Ditjtk wiﬂkﬁkijf/j. By T the second conclusion will follow from 1), —— 0, (r=1,...,7).
Also, note that 1&7 is the same as 1[)4 and 1&5 is the same as 1[)2 with the random variables W and
Y interchanged. Since the conditions on W and Y are symmetric it suffices to show that 1[17" 2, 0,
re{1,2,3,4,6}.

Consider now 1&1. Note that fori # j £ k and r # s # t we have E[Wipikﬁkpkj%WrPTSﬁSPStfft] =
0 except when the each of the three indices 7, j, k is equal to one of the three indices r, s,t. There
are six ways this can happen leading to six terms in

6
EWil= Y Y E[WiPyikPrjYjarPrsiis PaYy] =Y 7q
i#£j#£k r£s#t g=1

Note that by hypothesis, &%V@%&}%K < Or;2K — 0. By Lemma B1, we have
= > BIUWiPwinPi¥)®) = > EWPLERIPGENT] < afyoyov K — 0.
i#j#k i#j#k
Similarly, by CS,

> E[(WiPiiie Po;Y;) (W) Pyt Pei Y)) | =
i#£j#k
< J%V@%&%/K—N).

Y EWYEW,Y;]El] PR P
i#j7#k

73] =

Next, by Lemma B1 and CS

> E[(WiPfip P V5) (Wi Pyl P Ys,)] | =
itk
< oyo0yv K — 0.

" EW)E Y Bl Y;) PPy P
i#j#k

|To| =
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Similarly,

71l = | Y El(WiPuiePe¥;) (WP PaYe)l| = | Y EWiii] E[W, Y1 Bl Yi] P Prj Pji
i#j#k i#j#k
< 52,5252 K 0
~ UWa'nO'Y — U,
75| = | Y ElWiPuinPe;Y;) (Wi Peiiti PiY;)]| = | > E[Wiiii] E[Y ) E[Wiii] Ph Pes P
z'aé#k i#j#k
< O'WO' JyK — 0,
%6l = | > ElWiPwiPr;Y) (Wi Pt PiYo)l| = | Y E[WYiE[i; Y, E[Wiii] Pj, Pij Pir
i#j#k i#j#k

< opoiov K — 0.

The triangle inequality then gives E[¢(?] — 0, so ©2 -2 0 holds by M.

Consider now 1[12. Note that for i # j # k and r # s # t we have E[WiPikﬁkijngTPrsﬁsPstgt] =
0 except when i =7 and j = s or i = s and j = 7. Then by (A + B + C)? < 3(A4% + B2 + C?) and
for fixed k, > ;4 P2% < Py, D itk P4, < Py, it follows that

2
ZPsz( Z ijyj) < 32 (yk+szyz+Pkkyk)

i#k J¢{ik} i#k
3 (ZPkk (47 +2y2)> <3 <Zz7i +2Zz72> < 9njiy < C.
k k k

It follows by |AB| < (4% + B?) /2, CS, and P, = P, that

IN

2
E[Rp3] = ZE[WE]%E[%]( > ijyj)

i#k J¢{i,k}

+ZE i70i] zkE Wk:77k: ( Z Pk]yj) ( Z Pijgj)
J J

i£k i¢{ik} L.k}

IN

2
J

itk ¢ {ik}

Then )5 = 0 holds by M.
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Consider @3. Note that for i # j # k and r # s # t we have E[WiPikﬁkijf/jWTPmﬁsPStﬁ] =0

except when ¢ =7 and j =t or ¢ =t and j = r. Thus,

E[3] = Y (BEWIEN?]+ EIWiYi|E[W;Y))) ( > Pimkpkj)
#J k¢{i,g}

2

< 25%{/57272( > Pik:ﬁkpkj) :
i#j \k¢{i,j}

Note that

Z Py P = Z Py Pyjny — Py Py — Py Pyynj.
k¢ {i,j}
Note also that

2
> (Z Piknkpkz) = Y PPy <,y PiPi =i 2‘137,22 <

i k Y, ikt

2
> (Z szﬁkﬂq) = Y PuiiePiPuiePie = il (Z szPzZ> (Z ijPjZ)
J

2, k 1,7,k 0 k.l 7
2 —2 2
= > iiePi < iy Y Pl = gk
k0 k0

It therefore follows that

> (%: Pz'kﬁkPm‘)z =y (Z Pikﬁkpkj>2 - (2}; PikﬁkPkl->2 < 2ilK.

i#j ij \ k i
Also, by Lemma B1, >,.; P3 P37 < 2 > ;2 PS5 < iz K, so that
2 2
> ( > Pikﬁkpkj) <3 ( > Pikﬁkpkzj) + PP} + PP ¢ < 6l K.
i#j \k¢{i.j} i#] ke{i.j}
From the previous expression for [1&%] we then have
E[Rp3) < CotyobilK < Cr 2K — 0.

Then 5 -2 0 by M.
Next, consider t4. Note that fori # j # kand r # s # ¢ we have E[WZ-PikﬁkijyjWTPTSﬁSPStyjt] =

0 except when ¢ = r. Thus,

2 2
= Y- B[] (Z > mm%w) saavz(z ) mm%%) -

J7tkg{i.j} i \J7i ke{ij}
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Note that for i # j,
> PaiwPejys = Y PiiiePrj¥ — Puifii Pij; — Pyl Pjj ;-
k¢ {i.g} k
Therefore, for fixed i,
oY PaimnPry; = ) (Z Pk Py — PumiPijy; — Pz‘jﬁjpjjﬂj>
J7i ke {ij} J#

= Y Puilix — Pufliii — Y Pijili P — Z ki — 2P0
k J

Note that by P idempotent we have

ZZPMJ%%% < anyj <@ <2y g <npdid < C.
J J

Then it follows that
Y Puiminy? = DD Py Pt = Y Y ik Y, PP
i k Cog ok Jj ok i
= D> Py < C.
j k

Also, using similar reasoning,

>_(Pmigi)* < Zm ¥y <mplps < C,
' 2
Z(sz‘jﬁjpjj%) < Zﬁ2P5yf Zﬁfyf_
~\5 2
5 (y zpﬁmk) < @Y PP < 2R Y PAPL < K < C,
7 ikl i,k0
Z Pinky? < nplpd.

Then using the fact that (3°_; A,)? < 55°5_, A2 it follows that E[¢)]] < 3,C < C/r, — 0, so
that ¥4 — 0 by M.
Next, consider 1[36. Note that for 7 # k,

Z W; Py Prjy; = 0; Py, — Wi P3,7i — Wi P Pk -
J¢{i,k}
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Then for fixed k,
> > wiPuPey; = > (@H‘k?ﬁk — w PRy — wiPikPkkﬂk> — Wy Pk + 20, Pk
ik j¢{ik) i
= Wik — Y iPji — Wi Pkl — Wk Pk + 20k PRk

i
Then using the fact that (3°_; 4,)2 < 53°5_, A2 we have

EWE = S ERICO. Y. wiPiuPiy;)’
k

i#k j¢{ik}

< 562y (w%yi + > P PLwigiw; i + Wi Par + 0P + wiP;?ky;%)
k

,J

k ik k

< 55% (Z i+ [y Iy Z Pk_]Pk’L + 1 Z + iy Z Ui + ”M%VM%/)

< 552 (Z Deii + 4nﬁ%vﬂ%> < CY @iy + Cn/n? <C Z Wi + o(1).
k k

Now let 7, be such that A,, = max; |a;—Z/7,| — 0, let ay, = 7, /+/n and note that max;<,, |w; — Zlay,| =

A, /y/n. Let w = (w1, ...,0,)". Then

@ — | = ‘u‘;i—ZZ((Z’Z)_lZ’u‘; — |

An/vm+ ( Zzﬂ W2 [wi — Zia]H)Y? < CA,.

J

~ Zjan — Z)Z'2)1 2/ (@ — Zay,)|

IN

Then by the triangle inequality, max;<, |W0;| < max;<y, |w;| + A, — 0, so that
S utip < (maxchus ) i = o) ot —o.
k k

Then we have E [1[)(25] — 0, so that
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