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LeChatelier (1884, 1888) showed that a physical system’s “adjustment” to a disturbance to its equilibrium tended to be smaller as constraints were added to the adjustment process. Samuelson (1947) applied this result to economics in the context of the comparative statics of the actions of individual agents characterized as the solutions to optimization problems; and later (1960), extended the application of the Principle to a stable, multi-market equilibrium and the case of all commodities gross substitutes (e.g., Metzler (1945)). Refinements and alternative routes of derivation have appeared in the literature since then, e.g., Silberberg (1971, 1974), Milgrom and Roberts (1996), and Suen, Silberberg and Tseng (2000). In this paper we expand the scope of the Principle in various ways keyed to Samuelson’s proposed means of testing comparative statics results (optimization, stability, and qualitative analysis). In the optimization framework we show that the converse LeChatelier Principle also can be found in constrained optimization problems and for not initially “conjugate” sensitivities. We then show how the Principle and its converse can be found through the qualitative analysis of any linear system. In these terms the Principle and its converse also may be found in the same system at the same time with respect to the imposition of the same constraint. Based upon this we expand the cases for which the Principle can be found based upon the stability hypothesis. 
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The Scope of the LeChatelier Principle

I. Introduction.  The LeChatelier Principle from physics
 was applied to economics by Samuelson in the Foundations (1947), where he  showed that the Principle is present in the comparative statics analysis of optimization problems. The general idea is that, given the solution to a specific optimization problem, as some endogenous variables are constrained from adjusting, the responsiveness of any remaining endogenous variable’s solution value to changes in its “own,” or conjugate parameter, i.e., corresponding exogenous variable, will diminish. Silberberg (1971 and 1974) obtained the same result using a somewhat different derivation based upon the intuitive principle that adding constraints to an optimization problem can’t improve the solution. 
The Samuelson and Silberberg results concerning the existence of the LeChatelier Principle were “local” to the referent solution. Milgrom and Roberts (1996) identify anti-crossover conditions such that the local LeChatelier Principle holds in the large, and Suen, Silberberg, and Tseng (2000) present more general conditions for extending the local LeChatelier results to global results. In addition, there have been a fair number of results that extend the application of the Principle into other frameworks related to optimization or show that it can be established in venues already found via alternative, often simplified, routes of derivation. Examples are: Besley and  Suzumura (1992), Cook (1967), Diewert (1981), Eichhorn and Ottli (1972), Epstein (1978), Fujimoto (1980), Hatta (1980), Henderson and Henderson (1986), Kragiannis and Gray (1996), Kusumoto (1976 and 1977), LeBlank and Van Moseke (1976), Otani (1982), Sandberg (1974), Simmons (1990), Snow (2000), and Suen, Silberberg and Tseng (2000). There have also been a number of efforts to confirm the presence of the Principle in applied models based on data, e.g.: Crihfield (1989), Griffen (1992), Kohli(1983), Miyao (1980), and Moschini (1988).
Samuelson (1960) addressed a different class of problem relating to the LeChatelier Principle, investigating the presence of the Principle within the framework of a system of market excess demand functions. What Samuelson showed was that, if all commodities are gross substitutes, then, at a stable equilibrium the LeChatelier Principle is present in the system in the sense that an exogenous change in excess demand for any good will lead to less of a change in the equilibrium price of that good, the more constraints on other prices are imposed on the system. 

Investigating the presence of the Principle in the comparative statics of optimization problems or systems in stable equilibrium can be understood to be instances of applying Samuelson’s (1947) strategies for deriving testable (i.e., falsifiable, Popper (1959)) characteristics of a model’s comparative statics.
 An additional means of deriving testable results, also identified by Samuelson, is that of a qualitative analysis, i.e., finding testable characteristics based upon an analysis of the sign pattern of the system’s Jacobian matrix. As far as we know there are no instances in the literature of deriving the conditions for the LeChatelier Principle, or its converse, based upon a purely qualitative analysis.
In this paper we expand the scope of the LeChatelier Principle in both the framework of optimization and stable equilibrium. In addition, we provide the conditions for the Principle, or its converse, to be present in any linear system based upon a purely qualitative analysis. In the next section the conditions for the LeChatelier Principle, and its converse, in a system’s comparative statics is presented. In section III the standard case of the Principle in the optimization framework is reiterated and then extended to constrained optimization for which the Principle, and its converse, may be present. Section IV shows how the Principle, and its converse, can be developed through a purely qualitative analysis of any linear system. This facilitates the derivation and generalization of the Principle in section V due to the stability hypothesis. 
II.  Comparative Statics and the LeChatelier Principle. Let a model be assumed to have the form,

fi(v,u) = 0, i = 1, 2, ..., n,   (1)

where the entries of v are n-many endogenous variables to be evaluated by solving the model and the entries of u are m-many exogenous variables to be assigned values prior to solving the model, i.e., the values of the entries of u, sometimes called parameters, express the assumptions of the model. For a given solution to the model a comparative statics analysis is formulated in terms of the linear system,
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where the partial derivatives involved are assumed to exist and are evaluated at the referent solution. To facilitate the notation used below, let,
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Assume further that the values of the uk can be set such that any one of the yi is non-zero with the rest zero.
 It is sometimes convenient to arrange  A such that aii < 0 for all i. When this is assumed, A is termed in standard form.
 A is also assumed to be irreducible.  Finally, let B = A-1. Accordingly, for x = (xj) and y = (yi)  appropriately dimensioned vectors, the system (2) can now be expressed as,
Ax = y     (2),

with solution,

x = By      (3).

The system (3) is called the reduced form; and, the matrix B can (usually) be estimated from data using ordinary least squares (in the form to be estimated a “disturbance” term would be added to each of the equations in (3)). Given this, the model is “testable” as the theory provides conditions on the form of A that can then be shown to require specific outcomes for (at least some of) the entries of B, e.g., their signs. The model is falsified as the required outcomes are not satisfied by the estimated entries of B. 

The sources for requirements on A leading to testable characteristics of B proposed by Samuelson are then:


Optimization: A is the Hessian (resp., bordered Hessian) corresponding to and satisfying the second order conditions for an (resp., constrained) optimization problem.


The Stability Hypothesis: A is a stable matrix;
 and,


Qualitative Analysis: The sign pattern of A is known and can be shown to require at least some of the entries of B to have specific signs.
The LeChatelier Principle concerns the effect on the system (3) of constraining some of the xj to be zero in (2). The matter is addressed for constraining a single variable by specifying a new system, (2*) with corresponding Jacobian matrix A* formed by deleting the row and column of A corresponding to the variable to be constrained. The specific issue concerns the size of the main diagonal entries of B* as compared to the corresponding entries in B. The LeChatelier Principle is the requirement that (at least some of) the main diagonal entries in B* be smaller in absolute value, i.e., that the degree of adjustment of a variable to a change in its “own” parameter is less for the constrained system than for the unconstrained system. The converse Principle is the requirement that (at least some of) the diagonal entries of B* be larger in absolute value.
In these terms we will first define a “pair-wise” instance of the LeChatelier Principle.

Definition 1: The Pair-Wise LeChatelier Principle And Its Converse
. Let CA be a class of n x n irreducible matrices in standard form and CB the class of their corresponding inverses. For a given {i,j}, with A*, with corresponding inverse B*,  formed by deleting the jth row and column of A:


- the Pair-Wise LeChatelier Principle is present for all A ε CA if and only if abs(bii) > abs(bii*) for each corresponding B ε CB and B* ε CB*;  and,

- the Pair-Wise Converse LeChatelier Principle is present for all A ε CA if and only if abs(bii*) > abs(bii) for each corresponding B ε CB and B* ε CB*.●
As shown below, sometimes the Principle only holds for distinct pairs of variables. Of interest are systems for a given i, or indeed for any i, such that the Principle holds for all j. We term this an instance of the “system-wide” LeChatelier Principle.
Definition 2: The System-Wide LeChatelier Principle And Its Converse. Let CA be a class of n x n irreducible matrices in standard form and CB the class of corresponding inverses, with A* and B* as defined in Definition 1.

- the System-Wide LeChatelier Principle is present for each A ε CA for some i, if and only if the pair-wise LeChatlier principle holds for i and all j ≠ i. In this case,
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- the Converse System-Wide LeChatelier Principle is present for each A ε CA for some i, if and only if the converse pair-wise LeChatlier principle holds for i and all j ≠ i. In this case,
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In Definition 2, the subscript of each term identifies the number of constraints imposed on the system (2), i.e., the number of rows and columns of A of the same index that have been removed, with the term at issue a main diagonal term of the corresponding inverse matrix. Accordingly, compared to Definition 1, abs(bii*) = abs(bii)1. Since A is assumed to be irreducible, the strong inequality holds for a comparison of the effect of imposing one constraint. As more constraints are imposed, the resulting, residual matrices may be reducible. As a result, only the weak inequality may hold, as indicated. in the definition.

Conditions For The Pair-Wise LeChatelier Principle. Conditions for the presence of the pair-wise LeChatelier Principle and its converse may be developed as follows. For Aij (resp. Aij*)  the (i,j)th cofactor of A (resp. A*), consider that, 
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Given this, 
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The numerator of  (4) may be rewritten using a theorem of Jacobi,
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Making the substitution in the numerator of (4) gives,
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Looking ahead to the derivations to be presented below, one way to introduce assumptions that sign most of the terms in (5) is to assume additionally that A is Hicksian (e.g., this results if A is the Hessian corresponding to the second order conditions of an optimization problem):
Definition 3: Hicksian (Hicks (1939)).  Let A be an n x n matrix in standard form. A is Hicksian  if and only if principal minors of A of order 0 < m < n  have the sign (-1)m.●
If A is Hicksian, then the main diagonal entries of its inverse will be negative. Further, any matrix formed by deleting rows and columns of A of the same index will also be Hicksian; and, the main diagonal entries of the inverses of any of these will also be negative. Taken together, these results provide the conditions for the pair-wise LeChatelier Principle and its converse for classes of Hicksian matrices.

Theorem 1: The Pair-Wise LeChatelier Principle And Its Converse.  Let A an n x n irreducible Hicksian matrix. For a given {i,j}, with A*, and corresponding inverse B*,  formed by deleting the jth row and column of A, and with Aij, Aji ≠ 0:


 the pair-wise LeChatelier Principle holds for (i,j), i.e., bii – bii* < 0, if and only if sgn(Aij) = sgn(Aji); and,

 the converse pair-wise LeChatelier Principle holds for (i,j), i.e., bii – bii* > 0, if and only if, sgn(Aij) = - sgn(Aji).
Proof. From (5) above. If A is Hicksian, the denominator of (5) is negative and the values of bii and bii* are negative. Given this, the outcome of the differences follow from the cofactors in the numerator of (5) having the same or opposite signs.■
III. Optimization. A mathematical expression of the Principle as traditionally proposed, e.g., as given in Samuelson (1947, pp. 36-39) or Silberberg (1971, p. 146) was for the optimization problem (with n = m):
Given u, select v, such that w is maximized, w = f(v) – uv.    (6)
Given this, (1) above corresponds to the first order conditions for solution to the problem and A in (2) is the corresponding Hessian of f(v) with entries evaluated at the solution to (6 ). A is Hicksian from the second order conditions for the solution to (6). 
From the discussion above, the system-wide LeChatelier Principle can be readily found for the solutions to (6):

Theorem 2: (Samuelson (1947)). Let CA be the class of Hessians corresponding to solutions to (6). The system-wide LeChatelier Principle holds for each variable i for all  A ε CA.

Proof. A is Hicksian from the second order conditions for the solution to (6). Since A is the Hessian of f(v), A is symmetric. As a result, sgn Aij = sgn Aji for all (i,j). The symmetric cofactors of any matrix formed by deleting rows and columns of A of the same index also have equal signs. As a result, for any i, the pair-wise LeChatelier Principle holds for every j for any A ε CA from Theorem 1. Therefore, the system-wide LeChatelier Principle holds for every i for any A ε CA from Definition 2.■


Conjugate Sensitivities. The literature on the LeChatelier Principle has focused the study of the Principle upon the main diagonal entries of B, as appropriate to the utilization of (5) in the corresponding derivations. In many applications these particular sensitivities express a natural correspondence, e.g., the sensitivity of a commodity to be allocated to changes in its “own” price. In general, the linear system (2) may not have any particularly compelling correspondences between the endogenous and exogenous variables. Indeed, even if the system is put into standard form, there may be many ways to do this. In general, any off-diagonal entry of B (as originally formulated) may be brought onto the main diagonal by an appropriate reindexing of the columns of A. For the transformed system, the (originally) off-diagonal entry of B can now be assessed, using the analytical approach outlined above. At issue is the degree to which the cofactors of the transformed system are signable, based upon assumptions about the cofactors of the system prior to transformation,  so as to allow the use of (5) in studying the presence of the LeChatelier Principle or its converse in the transformed system.
As an example, using the transformation to be introduced in the next sub-section, for a given  A with inverse B, let C with inverse D be the matrix formed by exchanging the last two columns of A. Assume that A is symmetric and Hicksian. In comparing B with D, the entries of the first n-2 rows are the same and,  in D, the last two rows have been exchanged, compared to B. The upper, left-hand, (n-2) x (n-2) portions of B and D are the same. The last two entries of the diagonal of D are now, respectively, bn-1,n and bn,n-1. Besides being equal, their signs cannot be determined based upon the assumptions about A. Still, their signs may be interpretable. Accordingly, these entries may now be assessed utilizing (5). Additional assumptions may be necessary to establish the presence of the Principle, or its converse, but these assumptions may simply be identifying particular cases for which the principle applies. From an applied perspective, this may be sufficient to establish the basis for testing a particular model, i.e.,  the particular cases assumed are commonly found from the data when estimating the model. 

Constrained Optimization. Under certain circumstances both the LeChatelier Principle and its converse can be found for the solutions to constrained optimization problems. Consider the problem,
Given u (with n entries), select v (with n-1 entries), such that w is maximized, w = f(v),

subject to 
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For solution, set up the Lagrangian function to restate the problem as:

Given u (with n entries), select v (with n-1 entries) and λ, such that L is maximized, 

L = f(v) – λ
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In the above, (1) corresponds to the first order conditions for the solution to (7) and in (2) A is the bordered Hessian. A standard way to set up the comparative statics of (7) is for A in (2) to be written as, 
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Without loss in generality, select units for f(v) such that λ = 1 in solution to (7). Given this, the inverse of A can be written out to show the embodied variable/parameter sensitivities as follows,
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The upper left-hand (n-1) x (n-1) portion of the array, 
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, for i,j = 1, 2, ..., n-1, are the sensitivities of the endogenous variables vi to changes in the uj, j = 1, 2, ..., n-1 when, at the same time, un has been changed such that the value of the maximand, f(v) is unchanged referent to the original solution, given both changes, i.e., vjduj – dun = 0 on the right-hand-side of the nth row of (2). In some applications, these sensitivities are termed “compensated” or “net.”
In this frame of reference the idea of “constraining” the adjustment of an endogenous variable requires modification. Specifically, the constraint portion of (7) would not be removed from the comparative statics analysis. Accordingly, adding a “constraint” refers only to limiting the adjustment of one of the dvi, i.e., not limiting the adjustment dλ. Thus, no cases are considered for which the last row and column of A are removed.  Additionally, the constrained problem becomes degenerate if fewer than two commodities are allowed to adjust. Accordingly, limit the constrained cases to those that only involve removing some number of the first n-3 rows and columns of A. 
Set up in this way, the LeChatelier Principle applies to the constrained case in the same fashion as in the unconstrained case. 

Corollary To Theorem 2: Let CA be the class of bordered Hessians corresponding to solutions to (7). For the first n-3 endogenous variables, the system-wide LeChatelier Principle holds for each variable i for all A ε CA.

Proof. The second order conditions for the solution to (7) require that the bordered principal minors retaining at least the last three rows and columns of A alternate in sign, although now the even ordered minors are negative and the odd order minors are positive. Given this, in (5) the main diagonal entries in B and B* (for 1< i <n-2) are negative and the denominator of the right-hand-side term in (5) is negative. Since A is symmetric, the cofactors in the numerator have the same signs and the LeChatelier Principle holds pair-wise for any of the systems down to the minimal  4 x 4 system, the smallest system for which an endogenous variable can be constrained from adjusting.■
Since the n-1 endogenous variables can be indexed in any order, the system-wide LeChatelier Principle applies among all of the variables.
Since the application of the Principle is to the compensated sensitivities, tests for its presence requires additional manipulation of the results of estimating the reduced form; however, the sensitivity 
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can be estimated directly. As it stands, these sensitivities are off-diagonal in (8) and cannot be studied using equation (5).  As anticipated in the last subsection: form the matrix C by exchanging its last two columns of A. For D the inverse of C, the first n-2 rows of  D are the same as B with the last two rows those of B interchanged,
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In D the entries 
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, i,j = 1, 2, ..., n-1 are the compensated sensitivities in B as discussed above. Due to the transformation of A the sensitivity 
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 has been brought onto the main diagonal of the inverse (indeed, the last two entries on the diagonal); and, as a result, the behavior of this entry can be assessed in terms of the LeChatelier Principle or its converse for any combination of the first n-3 variables constrained from adjusting.
Before going ahead with this evaluation, it is immediate to note that the Corollary to Theorem 2 still applies to the transformed system for the first n-3 variables. Specifically, the exchange of columns has changed the signs of the relevant bordered principal minors such that they are now Hicksian, with the key circumstance being that they alternate in sign. Further, for the relevant entries, C is symmetric. Given this, for the transformed system the derivation of the system-wide LeChatelier Principal from equation (5) still applies as given in the Corollary to Theorem 2. 
In applying equation (5) to (say) dn-1,n-1 the denominator of the right-hand-side is negative, since the determinant and principal minor involved have the opposite sign;  however, the other terms in (5) cannot be signed from the theory, i.e., cannot be signed from the requirements of the second order conditions to the solution to (7). Nevertheless, the signs of the remaining elements of (5) can be interpreted. Given this, it is possible to itemize the circumstances in an applied framework in which the LeChatelier Principle or its converse will apply. To illustrate this, assume that the problem (7) describes an individual’s choice of commodities, vi, with prices ui and income un , constrained to observe the budget constraint, 
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such that preferences for the choices made as measured (ordinally) by f(v) are maxmized.
For interpretation of the entries of D, if 
[image: image19.wmf]i

n

v

u

¶

¶

 is positive then the ith commodity is called a “normal” good, i.e., more is purchased as income increases; and, if negative, the ith commodity is called an “inferior good.” If the compensated sensitivity 
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 for j < n-1, i ≠ j,  is positive, then commodities #i and #j are called “compensated or net substitutes”; and, if negative, then commodities #i and #j are called “compensated or net complements.” 
Rewrite (5) as (5*) for the income sensitivity of vn-1  to acknowledge the transformation of the bordered Hessian, for C* with inverse D* formed from C as A* is formed from A.
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Consider (5*) referent to constraining any one of the first n-3 commodities as related to the impact upon the income sensitivity of commodity #(n-1).
 As already noted the denominator of the right-hand-side of (5*) is negative from the second order conditions to the solution to (7). The signs of the income sensitivities are not given. To resolve this assume that commodity #(n-1) is normal, and remains normal as constraints are added.
 Given this, the signs of the entries on the left-hand-side of (5*) are negative. 

 The sign of the numerator of (5) is given by 
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 If this sign is positive, then the pair-wise LeChatelier Principle holds; and, if negative, the pair-wise converse LeChatelier Principle holds. There are four cases altogether, and the results of the analysis provide a clear template for assessing an applied model. This is summarized in Theorem 3 below.
Theorem 3: The LeChatelier Principle And Its Converse For Constrained Optimization. Let CC be the class of bordered Hessians corresponding to solutions to (7) transformed by exchanging their last two columns. Let commodity #i = n-1 be normal and remain normal as constraints are added to the system for 1 < j < n-3.. 

(a) For any i < n-3, the compensated own price sensitivity exhibits the system-wide LeChatelier Principle; and,


(b) For i = n - 1, the income sensitivity exhibits the pair-wise LeChatelier Principle or its converse as specified in the table below. 

Impact on the Income Sensitivity of Commodity #n-1 Due to a Constraint on the Adjustment of Commodity #j
	Attributes Of
Commodities #n-1 and #j
	Commodity #j Is

Normal 
	Commodity #j Is

Inferior 

	Commodities #n-1 and #j Are

Compensated Substitutes
	Pair-Wise
Converse

LeChatelier Principle
	Pair-Wise

LeChatelier Principle

	Commodities #n-1 and #j Are

Compensated Complements
	Pair-Wise

LeChatelier Principle
	Pair-Wise

Converse

LeChatelier Principle


Proof. The outcome of the analysis is based upon (5*). As already noted, (a) follows from the Corollary to Theorem 2 for the constrained optimization problem and the Principle remains the case for the transformed system. For (b) the denominator of the right-hand-side of (5*) is negative based on the second order conditions for the solution to (7). Since commodity #n-1 is normal, dn-1,n-1 and d*n-1,n-1 are both negative. The numerator of right-hand-side of (5*) has the sign, 
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 This sign is positive or negative depending upon the attributes of commodity #j relative to commodity #(n-1) as spelled out in the row and column headers of the table. The outcome of the analysis with respect to the pair-wise LeChatelier Principle or its converse then follows from Theorem 1 as related to (5*).■ 
The reader can quickly formulate the cases corresponding to the assumption that commodity #(n-1) is inferior. If only compensated substitutes (resp. compensated complements) were constrained, then the LeChatelier Principle or its converse would apply “system-wide” for those particular groupings of constraints. Further, the result is general for all commodities, since any commodity can be indexed #(n-1). Altogether, the analysis identifies a rich structure of applications of the Principle or its converse as related to the interrelationships among the variables in the framework of constrained optimization.
IV. Qualitative Analysis. In this section we assume that the sign pattern of A in (2) is known. The issue becomes that of determining conditions on sgn A such that at least some entries of sgn B can be derived; and further, the analysis reveal that as constraints are added to the system, (at least some) entries of the main diagonal of the corresponding inverses exhibit the LeChatelier Principle or converse LeChatelier Principle. To facilitate the analysis, the signed directed graph corresponding to A will be defined and worked with. 
Assume A is in standard form. Let each variable in the system of equations (2) correspond to a "vertex", e.g., a place on a piece of paper. Signed arrows are placed among the vertices such that:

(i) (+ (j) if and only if aij > 0; and,

(i) (- (j) if and only if aij < 0,

where "(i)" and "(j)" are, respectively,  the vertices corresponding to the variables xi and xj in (2) and the arrows are called (signed, directed) arcs. Call this configuration the “signed directed graph” corresponding to A, SDG(A). A traversal, following the arrows, of SDG(A) between two vertices such that no intermediate vertex is traversed more than once is called a path and a similar traversal from a vertex back to itself is called a cycle. Let p(i (j) denote a path from vertex i to vertex j,  v(p(i ( j)) the value of the path computed as the product of the entries of A that correspond to the arcs in the path, and sgn p(i ( j) the sign of v(p(i ( j)). The length of the path  is equal to the number of arcs it embodies. The value, sign, and length of a cycle is found in the same way. Paths and cycles are disjoint if they share no vertices in common.
Referring back to the analysis of (5), there were three issues at stake: the signs of bii and bii*, and, on right-hand-side, the sign of the denominator, AjjdetA and the signs of the symmetric cofactors, Aij and Aji in the numerator. Of these issues, two were resolved by the assumption that A is Hicksian, i.e., bii,  bii*, and the sign of the denominator, AjjdetA are all negative for A Hicksian. Accordingly, let QA be the class of matrix with the same sign pattern as A and QAH the class of Hicksian matrices with the same sign pattern as A. For members of QAH the remaining issue concerns the signs of symmetric cofactors. It is shown in Maybe and Quirk (1969) and elsewhere that each term in the expansion of Aij can be written as,

v(p(j → i))(-1)qA(p(j → i)),     (9)
where q is the length of the path and A(p(j → i)) is the principal minor of A corresponding to the array formed by deleting the rows and columns of A that correspond to the vertices in p(j → i).
 For A Hicksian, it is clear that the term (-1)qA(p(j → i)) for a given n will have the same sign for any 1 < q < n-1 (the length of the longest possible path is n-1).
Based on this, the conditions for instances of the LeChatelier Principle or its converse for all matrices of a given sign pattern can be developed as follows.

Lemma 1: (Bassett, Maybee, and Quirk (1968)). Let A be an n x n irreducible matrix in standard form. Sgn det A = (-1)n for all members of QA if and only if all cycles of SDG(A) are negative. If the condition is satisfied, then QA = QAH.
Proof (Sketch)
. Each term in the expansion of det A, apart from the product of the main diagonal entries,  can be written as the product of the values of distinct, disjoint cycles and the products of the main diagonal entries of A corresponding to vertices not present in any of the cycles. If all cycles are negative, then each such term has the sign (-1)n. For the principal minors, removing rows and columns of the same index cannot introduce positive cycles in the SDG of the resulting array. As a result, even (resp. odd) ordered minors have positive (resp. negative) signs for all members of QA.■
Lemma 2: (Maybee and Quirk (1969)). Let A be an n x n irreducible matrix in standard form. Sgn Aij for i ≠ j has the same sign for all members of QA if and only if:

(a) all cycles in SDG(A) are negative; and, 


(b) all sgn p(j → i) are the same. 

Proof (Sketch). Given (b), (a) is necessary and sufficient from (a) and Lemma 1. Given (a), it is immediate that (b) is sufficient from (9). (b) is also necessary since, if there are two paths, p(j → i) with opposite signs, then sign preserving choices of magnitudes of the entries of A can be found that result in alternative signs for Aij.■
Theorem 4: The Pair-Wise (resp. converse) LeChatelier Principle In Qualitative Systems. Let A be an n x n irreducible matrix in standard form. For variable j > i constrained from adjusting and for all members of QA:

(a) The pair-wise LeChatelier Principle applies to variable i if and only if all cycles of SGD(A) are negative; all sgn p(j → i) are the same; all sgn p(i → j) are the same; and, sgn p(j → i) = sgn p(i → j).

(b) The pair-wise converse LeChatelier Principle applies to variable i if and only if all cycles of SGD(A) are negative; all sgn p(j → i) are the same; all sgn p(i → j) are the same; and, sgn p(j → i) ≠ sgn p(i → j).

Proof. The conditions given are necessary and sufficient for all members of QA to be Hicksian from Lemma 1. The conditions are necessary and sufficient for symmetric cofactors of A to be signable for all members of QA from Lemma 2. Given this, (a) or (b) applies depending upon whether or not the signable, symmetric cofactors have the same or opposite signs from Theorem 1.■
Rich frameworks of instances of the pair-wise LeChatelier Principle, and/or its converse, can be found based upon a purely qualitative analysis. For example, let,
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The reader can confirm for this array that all cycles are negative two-cycles involving each pair of adjacent vertices. If variable #6 is constrained, then the pair-wise LeChatelier Principle applies to variables #2 and #4  while the pair-wise converse LeChatelier Principle applies to variables #1, #3, and #5. Indeed, if this structure is generalized to any n x n array, for n even, i.e., for A in standard form with the only other non-zeros an all positive first lower sub-diagonal and an all negative first upper sub-diagonal, then for variable #n constrained,  the pair-wise (resp., converse) LeChatelier Principle will apply to all variables with even (resp., odd) indices.
The system-wide LeChatelier Principle cannot apply for qualitatively determined systems since symmetric paths among pairs of vertices within the same (negative) cycle must have opposite signs. However, the system-wide converse LeChatelier Principle can sometimes apply to certain variables. For example, let, 
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For this case all cycles are negative two-cycles each involving vertex #1. If combinations of variables j > 1 are constrained, then the system-wide converse LeChatelier Principle applies to variable #1. As before, if this structure is generalized, i.e.,  for A in standard form with the only other non-zeros all negative entries in the first row and all positive (off-diagonal) entries in the first column, then the system-wide converse LeChatelier Principle will apply to variable #1.

As presented in Theorem 4, there are two issues at stake for instances of the LeChatelier Principle or its converse to apply, conditions for A to be Hicksian based upon sgn A; and, given this, conditions that cofactors be signable. As written, Theorem 4 presents conditions for both based upon sgn A alone. In the next section, conditions for A Hicksian are assumed apart from sgn A. Given this, the remaining issue concerns the signs of paths. This provides for an immediate corollary to Theorem 4.
Corollary To Theorem 4: The Pair-Wise (resp., converse) LeChatelier Principle For Hicksian Matrices. Let A be an n x n irreducible, Hicksian matrix. For variable j > i constrained from adjusting and for all members of QAH:


(a) The pair-wise LeChatelier Principle applies to variable i if: all sgn p(j → i) are the same; all sgn p(i → j) are the same; and, sgn p(j → i) = sgn p(i → j).


(b) The pair-wise converse LeChatelier Principle applies to variable i if: all sgn p(j → i) are the same; all sgn p(i → j) are the same; and, sgn p(j → i) = - sgn p(i → j).

Proof. For A Hicksian, from (9) all the terms in the expansion of any cofactor have the same sign if all of the corresponding paths have the same sign.■

For A determined to be Hicksian from assumptions other than simply its sign pattern, then the system-wide LeChatelier Principle can be found based upon the signs of paths. This is spelled out below.

Lemma 4: The case of all positive cycles. Let A be an irreducible matrix in standard form. SDSG(A)  embodies all positive cycles if and only if all p(i(j) have the same sign, all p(j(i) A have the same sign, and  sgn p(i(j) = sgn p(j(i) for i ≠ j, i,j = 1,2,…,n.

Proof. Sufficiency: Select any {i,j} pair embodied in the same cycle. Any disjoint paths p(i(j) and p(j(i) must have the same sign. Since the sign of the cycle is the sign of the product of the signs of the paths, the cycle must be positive. Necessity: For any {i,j} pair, if there exist paths such that sgn p(i(j) = - sgn p(j(i), then these paths must not be disjoint. Otherwise, the pair {i,j} would be members of a negative cycle. Accordingly, the paths can be expressed in terms of component paths involving some number of shared vertices, so that, 

sgn p(i(j) = sgn p(i(g) sgn p(g(h)…sgn p(k(j); and,

sgn p(j(i) = sgn p(j(k)…sgn p(h(g) sgn p(g(i).

If sgn p(i(j) = - sgn p(j(i), then at least one symmetric pair of component paths, say those involving {g,h}, must have the opposite signs. If so, then {g,h} are embodied in a negative cycle, contrary to assumption. As a result, sgn p(i(j) = sgn p(j(i) for all {i,j}.■
This result then provides the basis for the system-wide LeChatelier Principle based upon a qualitative analysis of otherwise Hicksian matrices.

Theorem 5. The System-Wide LeChatelier Principle For Qualitative Systems. Let A be an n x n irreducible, Hicksian matrix. Then, the system-wide LeChatelier Principle applies for all i, for all members of QAH,  if and only if SDG(A)  has all positive cycles.

Proof. Sufficiency: Since SDG(A) has all positive cycles, the matrix formed by eliminating rows and columns of A cannot have negative cycles. Given this, from Lemma 4, all symmetric cofactors have the same sign for all members of QAH; and, from the Corollary to Theorem 4 the LeChatelier Principle therefore applies. Necessity: If SDG(A) has negative cycles then symmetric cofactors for vertices within the negative cycle, if signable, will have the opposite sign and the LeChatelier Principle would not apply.■

The conditions in Theorems 2 and 3 are “local” to the solution to a, possibly constrained, optimization problem. Alternatively, the conditions for Theorem 4 are robust, as they apply to a matrix’ sign pattern otherwise independent of magnitudes. In the Corollary To Theorem 4 and Theorem 5 the issue of “locality” reappears.  The issue at stake is the assumption provided that established that A is Hicksian. From Lemma 1 it can be appreciated that, given sgn A, the “problem” of satisfying the conditions for A Hicksian concerns positive cycles in SDG(A).
 In these terms a sufficient condition for A Hicksian that assesses the impact of positive cycles and enables an appreciation of  the “robustness” of results is given in Lady (1996).
Theorem 6: Robust Conditions For A Hicksian (Lady (1996)). Let A be an n x n  irreducible matrix in standard form. Normalize A to A’ by dividing each column by the reciprocal of the column’s main diagonal entry, i.e., so that aii’ = -1 for all i. Let SPC be the sum of the values of the positive cycles in SDG(A’). If SPC < 1, then A is Hicksian.

Proof. From Lemma 1, a term in the expansion of det A has the sign (-1)n for all members of QA if it only embodies negative cycles; or, an even number of positive cycles. The term will have the opposite sign only if it embodies an odd number of positive cycles. Let the first term in the expansion of det A’ be the product of the main diagonal entries, i.e., this term will equal (-1)n. Next,  organize the terms in the expansion of det A’ with respect to the number of embodied positive cycles: first those with just one positive cycle, then those with two, and so on. Then have terms that only embody negative cycles. Given this, the sum of the first term of the expansion, (-1)n plus all of the terms that embody exactly one positive cycle (and have the opposite sign) will have the sign (-1)n, since SPC < 1. Consider next the sum of the terms that embody exactly two positive cycles with those that embody three. The terms that embody three positive cycles can be partitioned with respect to a term that embodies two of the three positive cycles. Each of these will be larger in absolute value that the sum of the corresponding terms with the same two positive cycles and one other (since SPC < 1). Accordingly, the sum of the terms with two and those with three positive cycles will have the sign (-1)n. Continuing this line of reasoning reveals that the sum of the product of the main diagonal entries plus all terms that embody positive cycles will have the sign (-1)n, the same sign as the sum of terms (if any) that embody only negative cycles. Since SPC < 1 for SDG(A’), the sum of positive cycles in the graph of any principal minor of A’ must also be less than one. Accordingly, A’ is Hicksian. Since the principal minors of A’ are equal to the principal minors of A multiplied by a positive number (the product of the absolute values of the reciprocals of the main diagonal entries of A), they have the same sign and A is also Hicksian.■
The conditions for the theorem are fairly straight-forward to investigate for an applied system (which are often normalized in the fashion required by the Theorem to begin with). For such arrays the issue then evolves to a study of the signs of paths. The results are robust over ranges of magnitudes of the entries of A that preserve the condition on the sum of positive cycles in SDG(A’).
V. Stability. The analysis so far has concerned the comparative statics of a model. That is, the direction of influence on the values of the endogenous variables in a model’s solution due to changes in the values assumed for the exogenous variables. A somewhat different topic is that of the tendency for a model’s solution to be recovered if the solution values are “disturbed,” i.e., the degree to which the model will return to a solution, given fixed values for the exogenous variables. A study of alternative dynamical processes is beyond the scope of this paper; however, as done in Samuelson (1960) and elsewhere, the topic can be discussed in terms of a linear approximation of the “rules of movement” for the solution values. Specifically, let v* be a solution to (1). “Movements” of v when not at v* can be expressed by a linear approximation of the corresponding system of differential equations by, 
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 . In (10) Z is a diagonal matrix with zii representing the speed of adjustment. For simplicity here we will assume that Z = I.
The system (1) is stable if it can be shown that convergent paths from v to v* exist within a  neighborhood of v*, as expressed by iterative applications of (10). Sufficient conditions for this are provided in Samuelson (1941).
Definition 4. Stability (Samuelson (1941)).
 A is a stable matrix if the real parts of the characteristic roots of A are negative.

Let QAS be the class of stable matrices with the same sign pattern as A.  The point of the analysis is, given the hypothesis of stability, to derive properties of A from the stability hypothesis that can then be used to derive results for the comparative statics. Specifically, the issue  boils down to finding matricial forms for sgn A such that, if A is hypothesized to be stable, then it can also be shown to be Hicksian.
 The literature on this approach can be summarized briefly, with the derivations originally provided recast in terms of the results in section IV above. The first result is due to Metzler (1945).
Definition 5: Metzler Matrix. Let A be an n x n irreducible matrix in standard form. A is a Metzler matrix  if aij > 0 for all i ≠ j.● 
Theorem 7: Hicksian And Stable Matrices (Metzler (1945)). Let A be an n x n irreducible Metzler matrix. A is a stable matrix if and only if A is Hicksian, i.e., QAH = QAS. 

Proof. A recent derivation of this result is given in Hale, et al (1999, p.148).■
Based on this, Samuelson (1960) showed that the system-wide LeChatelier Principle applied to systems (1) for A a Metzler matrix. This result is particularly apparent here due to the analysis of the last section, as given in Theorem 5, since the graphs of Metzler matrices have all positive cycles, i.e., all off-diagonal entries of Metzler matrices are nonnegative.
Metzler’s result (Theorem 7) was established by Morishima (1952) for a  more general matricial form.

Definition 6: Morishima (1952) Matrix. Let A be an n x n irreducible matrix in standard form. A is a Morishima matrix if and only if A can be permuted into the form,
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where M1 and M4 are square Metzler matrices and all entries in M2 and M3 are nonpositive.●
Theorem 8: Hicksian And Stable Matrices (Morishima (1952)). Let A be an n x n irreducible Morishima matrix. A is a stable matrix if and only if A is Hicksian, . i.e., QAH = QAS. 

Proof. This was recently reiterated in Hale, et al (1999, p.149). The derivation is similar to Theorem 7 since the result is keyed to the circumstance that SDG(A) has all positive cycles.■

These results now can be brought together. A recent key result is:

Lemma 5: Matrices With All Positive Cycles (Hale, et al (1999)). Let A be an n x n irreducible matrix in standard form. A is a Morishima matrix if and only if A has all positive cycles. 
Proof (Sketch). The derivation of this result is in Hale, et al (1999, pp. 146-147). Cycles that embody vertices exclusively associated with the arrays M1 or M4 must be positive since the off-diagonal entries of these arrays are nonnegative. The derivation shows further that disjoint paths between two vertices, one in each group, must be sign symmetric since all arcs for between-group vertices are negative.■
We can now provide a ready generalization to Samuelson’s (1960) result.
Corollary To Theorem 5: The System-Wide LeChatelier Principle For A Class Of Stable System. Let A be an n x n irreducible, stable matrix. Then, the system-wide LeChatelier Principle applies for all i, for all members of QAS. if and only if A is a Morishima matrix.
Proof. For A a stable Morishima matrix QAS = QAH from Theorem 8. SDG(A) has all positive cycles from Lemma 5. Given this, the system-wide LeChatelier Principle applies for all i from Theorem 5.■
While these results apply to any linear system, the particular application in mind by Metzler, Morishima, and Samuelson was that of multi-market equilibrium. For this the endogenous variables v are the prices of commodities and the relationships (1) the excess demand functions for each commodity. Positive off-diagonal entries in A denote commodities that are “gross substitutes,” i.e., uncompensated price sensitivities (see note 10 above), while negative entries denote commodities that are “gross complements.” Samuelson’s result required all commodities to be gross substitutes while Morishima’s allowed commodities to also be gross complements. 

VI. Summary. The LeChatelier Principle has been applied to “conjugate” sensitivities between endogenous and exogenous variables in the framework of optimization problems and multi-market equilibrium. We have shown that the concept of a “conjugate” sensitivity is not really a binding feature of the analysis and any sensitivity may be potentially assessed. Given this, we could extend the study of the Principle to constrained optimization problems and found circumstances under which both the LeChatelier Principle and its converse were present with respect to the same constraint. We then developed conditions for the Principle and its converse to be found in any linear system based upon a qualitative analysis. The conditions allow for a rich structure of instances of the Principle and its converse to be present in applied models. Once developed, the conditions based upon a qualitative analysis provided a ready ability to reproduce and generalize results based upon the stability hypothesis. 
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� LeChatelier (1884, 1888).


� Another method proposed was that of making assumptions about the model’s functional relationships, e.g., homogeneity.


� This is sometimes easier said than done for the system (1) over identified,  since right-hand-side variables can appear in more than one equation. Without meaning to minimize the importance of this issue when dealing with a specific model, we will place the matter outside of the scope of the topics that we will consider. When estimating a model, it is quite typical that the analysis is facilitated by assuming the functions in (1) are linear.





� This amounts to bringing one of the non-zero terms in the expansion of A’s determinant onto the main diagonal and multiplying columns as necessary by “-1” such that aii < 0 for all i. Bringing A into this form involves no loss in generality with respect to the purposes of the analysis.


� Buck and Lady (2006) show how this can be done using a qualitative analysis regardless of the state of identification of the system (2).





�See Definition 4 in section V below.


� In this and the notation that follows, the subscripts are essentially nominal in the sense that they identify variables common to the system before and after the imposition of a constraint. Strictly, the subscripts are serial. Accordingly, implicit to the notation associated with all of the results is that for variable j constrained and the impact to be considered is on the sensitivity of variable i before and after the imposition of the constraint, the system has had indices assigned such that j > i. This way, the serial index associated with the variable common to both systems remains the same before and after the imposition of the constraint. Exceptions to this will be made clear in context.


� Mirsky (1955), page 24. Samuelson uses this result for both stability (1960) and optimization (1947).





� Compared to (5), for j the index of the constrained variable, i > j (see note 6); however, since the last two main diagonal entries of D are the same, setting i = n-1 provides a consistent comparison for the two inverses, even though the constrained system has one fewer variables.





� The outcome of a comparative statics analysis in consumer theory often requires that an assumption be made about the sign of the income sensitivity which is not determined by the theory. For example when using the Slutsky equation to assess the sign of the Marshallian, i.e., uncompensated,  own price sensitivity, it must be assumed that the commodity is a normal good to insure that the sensitivity is negative, the intuitive result. See for example Mas-Colell, et al, (1995), pp. 71-72. 





� A recent derivation of the cofactor expansion formula, (8), is in Hale, et al, (1999), pp. 42-45. A derivation is also provided in Maybee (1981). The result had been in-hand for some time before these citations and was used not only in Maybee and Quirk (1969), but also in (such as) Genin and Maybee (1974).


� Due to their length and context, a reiteration of the full arguments for propositions already in the literature is not practicable. Instead, we will provide an indicative “sketch” of the reasoning involved.


� Strictly, sgn a = 1 (resp. -1) as a > 0 (resp. < 0). To facilitate exposition, we will use “+” and “-“ instead.


� A number of matricial forms which limit the effect of positive cycles are identified in Lady (2000).


� Weaker sufficient conditions are also available, e.g., Gantmacher (1977, p. 129). Nevertheless, the stronger conditions given by Samuelson are usually assumed.





� For A Hicksian, it can be shown that the adjustment process described by (10) requires variables to move “towards” their solution values, but not necessarily with convergent paths. “True” stability requires the conditions provided in Definition 4.
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